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Abstract 
Piezoelectric-driven stick slip actuators have been drawn more and more attention in the nano- 
positioning application due to the high accuracy and theoretical unlimited displacement. However, 
the hysteresis of piezoelectric actuator (PEA) and the nonlinear friction force between the end- 
effector and the stage make control of piezoelectric-driven stick slip actuator challenge. This pa-
per presents the development of an autoregressive exogenous (ARX)-based proportional-integral- 
derive (PID)-sliding mode control (SMC) for the velocity tracking control of the piezoelectric-dri- 
ven stick slip actuator. Stability is guaranteed by rigorously choosing the appropriate PID para-
meters and the zero steady state error is achieved. To verify the effectiveness of the proposed 
method, experiments were carried out on a commercially-available piezoelectric-driven stick slip 
actuator. The tracking errors were compared with the traditional PID controller, illustrating that 
in spite of existing of modeling error, the ARX-based PID-SMC is able to better improve the velocity 
tracking performance of piezoelectric-driven stick slip actuator, compared with the traditional 
PID controller. 
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1. Introduction 
Piezoelectric-driven stick-slip actuators play important roles in nano-positioning applications due to their simple 
configuration, high accuracy and theoretically unlimited displacement [1]-[6]. The end-effector is supported and 
guided by a movable stage, which is connected to the base through flexible hinges and driven by a PEA, as 
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shown in Figure 1. The end-effector moves together with the stage under slow expansion of the PEA. Sudden 
contraction of the PEA leads to the sliding motion of the end-effector since the force due to the friction limit 
between the end-effector and the movable stage. As a result, the end-effector moves a step ΔS, with respect to its 
original position. Such steps can be accumulated to achieve a theoretically unlimited displacement (actually li-
mited by the size of the moveable stage). 

The hysteresis of PEA and the friction dynamics of the end-effector make the control of stick-slip actuator 
challenge. An analog electronic circuit was developed in [7] for driving stick-slip piezoelectric linear actuators. 
The key design task for the amplifier is to provide a high-voltage asymmetric sawtooth-like signal and feed it 
into a capacitive load. To compensate the hysteresis effect, combination of a charge control scheme with switch- 
ing is proposed and the experiments confirm the superiority of the proposed method over other existing tech-
niques. However, the charge control requires expensive hardware, which increases the difficulty and cost of its 
implementation. To avoid this, a voltage/frequency proportional controller was proposed in [8] for high stroke 
displacement of stick-slip micro-positioning stage. The proposed controller is essentially a combination of the 
sign controller, the classical proportional control and frequency proportional control, and the experimental re-
sults showed its priority over the basic controller. To compensate the steady state error, integral control was em-
ployed in addition to the aforementioned method [9]. In [10], Proportional-Derivative (PD) controller was ap-
plied in the control of the stick slip piezoelectric actuators. Its application in the sample holder for Atomic Force 
Microscope (AFM), the micro-Electrical Discharge Machining (EDM) machine, the micro-assembly system and 
the micro tele-manipulation system for biological specimens was described.  

All the research mentioned above related to the displacement tracking control of the piezoelectric-driven 
stick-slip actuators under step or ramp reference signal. The velocity tracking control has not been reported yet. 
This work focuses on the development of control method for the velocity tracking control of the piezoelectric- 
driven stick-slip actuators.  

PID/PI/PD controller has shown great potential in the control application for nano-positioners. The challenge 
of PID/PI/PD control in the velocity tracking control of stick-slip piezoelectric-driven stage is maintaining the 
system stability in the presence of uncertainty and disturbance. It also has an issue with low gain margin in high 
frequency applications [1]. Recently, sliding model control (SMC) has been drawing considerable attention in 
the control research community worldwide due to its ability to compensate for the system uncertainties and dis-
turbance [11]-[14]. To solve the chattering problem of the regular SMC, a PID-based SMC (PID-SMC) was de-
veloped in [15], in which the discontinuous “bang-bang” switching function is replaced by a PID regulator. Due 
to the integral effect of the PID regulator, zero steady state tracking error can be achieved.  

 

Movable stage
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Figure 1. Working principle of the piezoelectric-driven stick- 
slip actuator.                                                  
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As a state tracking control scheme, the PID-SMC developed in [15] has been shown effective in the control of 
the second order mechanical systems, in which the states can be readily estimated from the measured output 
and/or its derivatives. In some circumstances, the system state might not be readily or even be impossibly ob-
tained due to system complexity. In such a case, the application of PID-SMC is challenged due to the lack of 
system state information. For this, an output tracking integrated PID-SMC is developed [16], in which the trans-
fer function of the plant is considered to be a cascade of the numerator and the denominator. The numerator is 
compensated by an optimal inverse feedforward controller and as such the regular state tracking based SMC can 
be applied. The proposed method has been experimentally shown effective in the control of a commercially 
available one-degrees-of-freedom (DOF) piezoelectric actuator.  

It is noted that if the dynamics of the plant can be represented by an auto-regressive (ARX) model without  

zeros, for example, ( ) ( ) ( )
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time instant k respectively, such a model will be readily transferred to a state space model with its state being the 
system output and the state tracking based PID-SMC is able to be directly applied for the dynamics compensa-
tion. Inspired by this, an ARX-based PID-SMC is developed in this paper and applied in the velocity control of a 
one-DOF stick-slip PEA. The effectiveness of the proposed method is experimentally verified and compared 
with the traditional PID controller introduced in [9]. 

2. ARX-Based PID-SMC and Its Design 
The discrete nth order plant might be generally described by the following transfer function 
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where ( ), 1, 2, ,i i i nα β = 
 and 0β  are the parameters and the numerator and denominator are relatively prime 

polynomials. With the use of the system identification method, this plant model can be mathematically repre- 
sented by an ARX model.  
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Equation (2) is identical to a discrete transfer function without zeros. The neglect of zeros definitely leads to 
model errors, which is considered to be disturbance in Equation (2).  

The ARX model can be rewritten in a state space form 

( ) ( ) ( ) ( )1 .x k Ax k Bu k D kε+ = + +                               (3) 

where ( ) ( ) ( ) ( ) T 12 1 nx k y k n y k y k R ×= − − − ∈    is the state vector; ( ) ( ) ( )1 1 1 10 n n n
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[ ]( )1 2 1n na a a− −= − − −a  , ( )
T

01 10 nB β× −
 =    and ( )

T

1 10 1nD × −
 =    are the system matrixes of the  

discrete state space model. The state vector is represented in terms of the outputs in the past history, which sug-
gest the state tracking is essentially the output tracking. Therefore, the state tracking SMC design method can be 
applied. 

Denote the desired output vector to be ( ) ( ) ( ) ( ) T 12 1 n
d d d dx k y k n y k y k R ×= − − − ∈   . The object-  

tive of SMC is to force the error state ( ) ( ) ( )de k x k x k= −  to move to the sliding surface and then converge to 
zero. Equation (3) can be rewritten in terms of the dynamics of e(k), 

( ) ( ) ( ) ( ) ( ) ( )1 1d de k Ae k Bv k D k Ax k x kε+ = + + + − + .                    (4) 

Similar to the general SMC design approach introduced in [15], the input u(k) is divided into two parts ( )1u k  
and ( )SMu k , i.e.,   
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( ) ( ) ( )†
1 1 .d dv k B Ax k x k= − − +                                (5) 

It is noted that Equation (5) is non-casual if the future desired output is unknown. In such a case, ( )1dx k +  
could be estimated by the trapezoid estimation 

( ) ( ) ( )1 2 1 .d d dx k x k x k+ = − −                              (6) 

Substituting Equation (5) into Equation (4) yields 

( ) ( ) ( ) ( ) ( ) ( ) ( )† †1 1 .SM d dDe k Ae k Bu k I BB Ax k I BB x kε++ = + + − − − +               (7) 

For the system described by Equation (3), one has ( ) ( ) ( ) ( )† † 1 0d dI BB Ax k I BB x k− − − + = . Thus, Equation 
(7) is simplified as 

( ) ( ) ( )1 .SMe k Ae k Bu D kε+ = + +                              (8) 

For the sliding function that takes the following form of  

( ) ( ).s k Se k=                                        (9) 

The control action can be considered consisting two parts, i.e.,  

( ) ( ) ( ).SM equ k u k u k= + ∆                                  (10) 

where ( ) ( ) ( )1
equ k SB SAe k−= −  is the equivalent control and ( )u k∆  is the switching control.       

Substituting Equation (10) into Equations (8) and (9) yields 

( ) ( ) ( ) ( ) ( )11 .e k I B SB S Ae k B u k D kε− + = − + ∆ +                       (11) 

( ) ( ) ( )1 .s k SB u k SD kε+ = ∆ +                               (12) 

For the convenience of following discussion, Equations (9) and (11) are rewritten as 

( ) ( ) ( ) ( ) ( ) ( )1 .ee k A e k B u k D k s k Se kε+ = + ∆ + =，                      (13) 

where ( ) 1
eA I B SB S A− = −  . The system described by Equation (13) can be equivalent as a dynamic plant,  

where ( )u k∆  is the input and s(k) is the output. The switching control is to force the plant output to be zero. 
For this, PID controller can be employed to generate the switching control such that the equivalent control error 
s(k) is zero, which is given by  
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where P, I and D are parameters of the discrete PID-based SMC; T is the sampling period. 
Theorem 1: If the closed-loop system (13) is stable, the zero steady state error can be achieved [17]. 
Theorem 2: There exist some P, I and D such that the closed-loop control system (13) is stable [16]. 

3. Experiments 
To verify the effectiveness of the proposed method, experiments were carried out to control the motion velocity 
of a stick-slip piezoelectric-driven actuator (Figure 2). The PEA used to drive the stage generates displacement 
in a range of 15 μm with a resolution of 0.5 nm. An inductive sensor (SMU9000, Kaman, Windsor, CT) with a 
resolution of 10 nm was used to measure the displacement of the end-effector. Both the actuator and the sensor 
were connected to a host computer via an I/O board (PCI-DAS1602/16, Measurement Computing Corporation) 
and controlled via SIMULINK programs. The movable stage is driven by the PEA and the end-effector on the 
stage can slide horizontally on the stage via a pair of V grooves machined on them. Polished silicon wafers are 
attached to the V grooves as frictional surfaces to guarantee the uniformity of the frictional characteristics 
throughout the traveling range of the end-effector. All the displacements presented in this study were measured 
by the inductive sensor with a sampling interval of 0.05 ms. 

Figure 3 shows the model configuration of the stick-slip piezoelectric-driven stage developed in [18].  
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(a)                                                         (b) 

Figure 2. Experimental settings on the piezoelectric driven stage; (a) schematic and (b) picture.                                 
 

 
Figure 3. Model configuration of the piezoelectric-driven stick-slip actuator (Regenerated from [18]).                                

 
Me is the mass of the end-effector, Ff is the friction force between the PEA stage and the end-effector. The 

hysteresis model H is cascaded with the vibration dynamics model. The output—PEA displacement is feed- 
forward to the friction model, which generates the friction force and the motion parameters of the end-effector. 

To apply the ARX-based PID-SMC, the PEA and the end-effector are considered to be an integrated system 
with its input being the driven voltage u and its output being the motion velocity of the end-effector, as shown in 
Figure 3. The nonlinearities such as hysteresis and the friction are considered to be disturbances and then re-
jected by the proposed method. Experiments for parameter identification were first carried out to obtain the 
ARX model. Then, the ARX-based PID-SMC was applied to control the nano-postioning stage for tracking step 
reference signals. Finally, dynamic tracking control with the proposed methods was implemented and compari-
son to a PID controller was made. 

3.1. Model Identification 
To drive the end-effector, a saw-tooth generator is required, as seen in Figure 4. Each saw-tooth is 20 ms wide. 
The amplitude of the each saw-tooth is defined by the reference input voltage u(t). If u(t) < 0, a reverse saw-  
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Figure 4. Saw-tooth generator for the stick-slip motion and the velocity 
calculator.                                                               

 
tooth signal is demanded to move the end-effector to the backward direction, as shown in Figure 5. The driven 
voltage supplied to the PEA du  can be represented in terms of the reference input voltage as  

( ) ( ) ( )
( ) ( ) ( ) ( )

if 0,  mod , ;

if 0,  mod , .
d

d

u u t u t t T T

u u t u t u t t T T

≥ =

< = − +
                            (15) 

where T is the tooth width, mod represents the modulus after division. 
The displacement of the end-effector is measured by the inductive sensor. The average velocity v is estimated 

by 

saw-toothS
v

T
= .                                         (16) 

where saw-toothS  is the displacement of the end-effector in one period of the saw-tooth signal. 
The dynamics of the integral system can be regarded approximately as a second order system according to our 

previous research [19] [20]. As such, a second order ARX model was employed to describe the system dynamics, 
while the hysteresis exhibited by the actuator and the friction between the stage and the end-effector are consi-
dered as extra disturbances to the dynamic model. For the experiments, a 10 V step input reference voltage was 
provided to the PEA and the corresponding output velocity was estimated by Equation (23). With the recorded 
data, the parameters were identified by using the least square method, leading to 

( ) ( ) ( ) ( )0.9985 1 0.000972 2 0.001458 1y k y k y k u k= − + − + − .                    (17) 

3.2. Step Tracking 
The ARX-based PID-SMC developed in this study was implemented in experiments to control the velocity of 
the piezoelectric-driven slick-slip actuator. The sliding surface was defined according to Equation (9), where 

[ ]1S m=  and m = −0.1. To minimize the rising time, the PID parameters in the PID regulator is adjusted to 
be P = 0.2, I = 3, D = 0. For comparison, the traditional PID controller was also applied, with its parameters ad-
justed by trails-and-errors to be P = 0.4, I = 4, D = 0. 

Figure 6 shows the velocity step response of the piezoelectric-driven stick-slip actuator controlled by the de-
veloped control scheme and the traditional PID controller. Table 1 shows the comparison of the rising time and 
the overshoot. 

It can be seen that the tracking errors approach to zero through the use of I component in the PID regulator. 
The velocity step response of the piezoelectric-driven stick-slip actuator controlled by the proposed method is 
faster than that controlled by the traditional PID controller. For example, when a 10 μm/s step reference input 
was provided, the rising time of the velocity step response controlled by the ARX-based PID-SMC is 0.13 s, 0.2 
ms less than that controlled by the PID controller. Faster velocity response is also observed for the 20 μm/s step 
reference input. However, since the dynamics performance of the piezoelectric-driven stick-slip actuator varies 
with the amplitude of the input voltage, the model error increased when the 20 μm/s step reference input was 
provided to the actuator. As a result, the overshoot increased to 10% in this case. 
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Figure 5. Reverse saw-tooth to driven the end-effector in the backward di-
rection.                                                                

 

 
Figure 6. Velocity Step response of the piezoelectric-driven stick-slip actuator controlled by the proposed method and the 
traditional PID controller (a) 10 μm/s desired velocity; (b) 20 μm/s desired velocity.                                            

 
Table 1. Comparison of the velocity step response between the ARX-based PID-SMC and the traditional PID controller.               

Reference inputs Controller Rising time (s) Overshoot (%) 

10 µm/s step input 
SMC 0.13 0 

PID 0.33 0 

20 µm/s step input 
SMC 0.11 10 

PID 0.21 0 

 
To test the control performance of the proposed method, the same velocity step tracking experiments were 

also carried out with an increased mass of the end-effector. The same parameters is applied and compared with 
the traditional PID controller. Figure 7 shows the velocity step response of the piezoelectric-driven stick-slip 
actuator controlled by the developed control scheme and the traditional PID controller. Table 2 shows the com-
parison of the rising time and the overshoot. It can be concluded that the velocity step response of the piezoelec-
tric-driven stick-slip actuator controlled by the proposed method is faster than that controlled by the traditional 
PID controller. 

It is noted that the rising time of the velocity step response controlled by the ARX-based PID-SMC is 0.09 s. 
This is different from the result with an decreased mass of the end-effector, since the dynamics of the piezoelec-
tric-driven stick-slip actuator also changes with the weight of the end-effector.   

3.3. Sinusoidal Tracking 
To further show the effectiveness of the proposed control method, sinusoidal tracking experiments with different  
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Figure 7. 10 μm/s Step response of the piezoelectric-driven stick-slip actuator controlled by the proposed method and the 
traditional PID controller.                                                                                         
 
Table 2. Comparison of the velocity step response between the ARX-based PID-SMC and the traditional PID controller with 
an increased mass of the end-effector.                                                                                 

Reference inputs Controller Rising time (s) Overshoot (%) 

10 µm/s step input 
SMC 0.09 0 

PID 0.21 0 

 
frequencies were carried out on the piezoelectric-driven stick-slip actuator. The same parameters were applied 
and the control performance was compared with the same PID controller. Figure 8 shows the sinusoidal track-
ing performance of the piezoelectric-driven stick-slip actuator controlled by the proposed method and the tradi-
tional PID controller. 

Table 3 compares the tracking error evaluated in terms of the 2-norm of the difference between the desired 
output and the measured output. From Table 3, it can be seen that the developed control scheme performs better 
than the traditional PID controller. As frequency increases, the priority of applying the ARX-based PID-SMC is 
more obvious. For example, for a 0.25 Hz 10 µm/s sinusoidal reference input, the tracking error with ARX- 
based PID-SMC is 1.12 µm, which is 29.7% of that with the PID controller. While for a 1 Hz sinusoidal refer-
ence input, the improvement increases to 40.2%. 

It is noted that the velocity tracking performance deteriorates when the motion direction of the end-effector 
changes. For example, for 10 μm/s 1 Hz sinusoidal reference velocity, the maximum tracking error in time in-
terval 0.5 - 0.75 s and 1.5 - 1.75 s is 50% of the amplitude if controlled by the ARX-based PID-SMC. The 
maximum tracking error even reaches 100% of the reference amplitude of the traditional PID controller is ap-
plied. This might be due to the nonlinear friction force between the end-effector and moving stage when the ve-
locity changes from positive to negative. Obviously, the ARX-based PID-SMC partially compensates the nonli-
nearity. Consideration of the nonlinear friction model and its integration in the controller design are required for 
further improvement on the velocity tracking performance of the piezoelectric-driven stick-slip actuator. 

4. Conclusion 
This paper presents the development of an ARX-based PID-SMC for the velocity control of the piezoelectric- 
driven stick-slip actuator. Specifically, by applying ARX model, the output-tracking problem is defined as one 
of state tracking, while the “bang-bang” switching control in SMC is replaced with PID-based one. With the 
developed control scheme, chattering or the state oscillation at a high frequency can be eliminated and also the 
zero steady state error can be achieved. To verify the effectiveness of the developed control scheme, experi-
ments were carried out on a piezoelectric-driven stick-slip actuator, whose dynamics was identified by experi-
ments. The results of velocity tracking performance with the proposed control scheme were compared to that 
with the traditional PID controller. It was shown that both the step response and the sinusoidal tracking perfor-
mance can be further improved by applying the proposed method, although the ARX model error exists. Howev-  
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Table 3. Comparison of the velocity step response between the ARX-based PID-SMC and the traditional PID controller with 
an increased mass of the end-effector.                                                                                   

Reference inputs Frequency (Hz) 
Tracking error (µm/s) 

ARX-based PID-SMC PID 

10 µm/s sinusoidal input 

0.25 1.12 1.57 

0.5 2.13 2.89 

1 2.82 4.72 

 

 
Figure 8. Comparison of sinusoidal tracking performance with different controllers: displacement and tracking error for (a) 
(b) 0.25 Hz frequency, (c) (d) 0.5 Hz frequency and (e) (f) 1 Hz frequency.                                                      
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er, the control performance of the ARX-based PID-SMC depends on the accuracy of the identified dynamic mod-
el. This might be solved by employing a dynamic model with adaptive parameters and an adaptive ARX-based 
PID-SMC, which will be the focus of the future work. Furthermore, nonlinear friction model should be consi-
dered in the SMC design to further improve the velocity tracking performance of the piezoelectric-driven stick- 
slip actuator. 
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