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In this paper, common best proximity point theorems for weakly contractive mapping in b-metric spaces in the cases of nonself-
mappings are proved; we introduced the notion of generalized proximal weakly contractive mappings in b-metric spaces and
proved the existence and uniqueness of common best proximity point for these mappings in complete b-metric spaces. We
also included some supporting examples that our finding is more generalized with the references we used.

1. Introduction

The metric fixed point theory gained impetus due to its wide
range of applicability to resolve diverse problems emanating
from the theory of nonlinear differential equations, theory of
nonlinear integral equations, game theory, mathematical
economics, and so forth. The first fixed point theorem was
given by Brouwer [1], but the credit of making concept use-
ful and popular goes to polish mathematician, Banach [2]
who proved the famous contraction mapping theorem in
1922 in the setting of metric space. This principle guarantees
the existence and uniqueness of fixed point of certain self-
maps of metric spaces and provides a constructive method
to find those fixed points. This principle includes different
directions in different spaces adopted by mathematicians
for example metric spaces, G-metric spaces, partial metric
spaces, and cone metric spaces.

A classical best approximation theorem was introduced
by Fan [3], which states that “if A is a non-empty compact
convex subset of a Hausdorff locally convex topological vec-
tor space B and T : A⟶ B is a continuous mapping, then
there exists an element x ∈ A such that dðx, TxÞ = dðTx, AÞ
.” Afterwards, Prolla [4], Reich [5], and Sehgal and Singh
[6] have derived extensions of Fan Theorem in many direc-
tions. The common fixed point theorem insists to the
authors to investigation on common best proximity point

theorem for nonself-mappings. The common best proximity
point theorem assures a common optimal solution at which
both the real valued multiobjective functions x⟶ dðx, SxÞ
and x⟶ dðx, TxÞ attain the global minimal value dðA, BÞ.
A number of authors have improved, generalized, and
extended this basic result either by defining a new contrac-
tive mapping in the context of a complete metric space or
extend best proximity results from fixed point theory (see
[7–12]).

Definition 1. Let X be a nonempty set and T : X ⟶ X a self-
map. A point x ∈ X is said to be fixed point of T if Tx = x.

Example 2. Let X =ℝ and T : X ⟶ X defined by Tx = x/2,
for each x ∈ X.

Tx = x⇒ x/2 = x, and we get x = 0 ∈ X, which is a fixed
point of T .

Definition 3 (see [13]). A function ψ : ½0,∞Þ⟶ ½0,∞Þ is
called an altering distance function if the following proper-
ties are satisfied:

(i) ψ is monotone increasing and continuous

(ii) ψðtÞ = 0 if and only if t = 0
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Example 4. Define ψ : ½0,∞Þ⟶ ½0,∞Þ by ψðtÞ = t2/2.
ψ′ðtÞ = 2t/2 = t ≥ 0, which shows ψ is nondecreasing,

satisfies that ψðtÞ = 0⇐ t = 0, and ψ is continuous.

Definition 5 (see [14]). Let X be a nonempty set, and a
mapping d : X × X⟶ ½0,∞Þ is said to be metric if and
only if, for all x, y, z ∈ X, the following conditions are
satisfied:

(i) dðx, yÞ = 0 if and only if x = y and dðx, yÞ > 0 if x ≠ y

(ii) dðx, yÞ = dðy, xÞ
(iii) dðx, yÞ ≤ dðx, zÞ + dðz, yÞ

Example 6. Let X =ℝ; then, ðX, j:jÞ that means dðx, yÞ = jx
− yj, for all x, y ∈ X which is a metric space.

Definition 7 (see [2]). Let ðX, dÞ be a metric space and T
: X⟶ X be a self-map; then, T is said to be a contraction
mapping if there exists a constant k ∈ ½0, 1Þ, such that dðTx,
TyÞ ≤ kdðx, yÞ, ∀x, y ∈ X.

Example 8. Let X =ℝ, dðx, yÞ = jx − yj, and a mapping T
: ℝ⟶ℝ defined by Tx = x/3, ∀x, y ∈ℝ.

Then, dðTx, TyÞ = jTx − Tyj = jx/3 − y/3j = j1/3ðx − yÞj
≤ 1/3jx − yj = 1/3dðx, yÞ, which implies that dðTx, TyÞ ≤ 1/
3dðx, yÞ and k = 1/3 ∈ ½0, 1Þ, for all x, y ∈ X. Therefore, T is
contraction mapping.

Definition 9 (see [15]). Let ðX, dÞ be a metric space. The
mapping T : X ⟶ X is said to be contractive mapping if

d Tx, Tyð Þ < d x, yð Þ for all x, y ∈ X with x ≠ y: ð1Þ

Example 10. Let X =ℝ and dðx, yÞ = jx − yj, and a mapping
T : ℝ⟶ℝ defined by Tx = x/2, ∀x, y ∈ℝ.

Then, dðTx, TyÞ = jTx − Tyj = jx/2 − y/2j = j1/2ðx − yÞj
≤ 1/2jx − yj < jx − yj, which implies that dðTx, TyÞ < dðx, yÞ
with x ≠ y.

Therefore, T is contractive mapping.

Definition 11 (see[16]). Let ðX, dÞ be a metric space and T
: X⟶ X, a mapping T is said to be weakly contractive if

d Tx, Tyð Þ ≤ d x, yð Þ − ϕ d x, yð Þð Þ, for all x, y ∈ X, ð2Þ

where ϕ : ½0,∞Þ⟶ ½0,∞Þ is altering function.

Remark 12. If ϕðtÞ = ð1 − kÞt with k ∈ ½0, 1Þ and t ∈ ½0,∞Þ, a
weak contraction reduces to a contraction.

Example 13. Let X = ½0,∞Þ be endowed by dðx, yÞ = jx − yj,
and let T : X⟶ X define by Tx = x/1 + x for each, x ∈ X.

Define ϕ : ½0,∞Þ⟶ ½0,∞Þ by ϕðtÞ = t2/1 + t.
Claim: T is weakly contractive.
ϕ′ðtÞ = 2t + t2/ð1 + tÞ2 ≥ 0 which shows ϕ is nondecreas-

ing and satisfies that ϕðtÞ = 0⇐ t = 0 and ϕ is continuous.

Then, dðTx, TyÞ = jx/1 + x − y/1 + yj = jx − yj/ð1 + xÞð1
+ yÞ ≤ jx − yj/1 + jx − yj = jx − yj − jx − yj2/1 + jx − yj = dðx,
yÞ − ϕðdðx, yÞÞ, for all x, y ∈ X.

So T is weakly contractive.

Definition 14 (see [17]). Let X be a nonempty set and s ≥ 1 be
a given real number. A mapping d : X × X ⟶ ½0,∞Þ is said
to be a b-metric if and only if, for all x, y, z ∈ X, the following
conditions are satisfied:

(i) dðx, yÞ = 0 if and only if x = y and dðx, yÞ > 0 if x ≠ y

(ii) dðx, yÞ = dðy, xÞ
(iii) dðx, yÞ ≤ sdðx, zÞ + sdðz, yÞ

Remark 15 (see [18]). We should note that a b-metric space
with s = 1 is a metric space. We can find several examples of
b-metric spaces which are not metric spaces.

Example 16 (see [19]). Let ðX, ρÞ be a metric space, and
dðx, yÞ = ðρðx, yÞÞp, where p > 1 is a real number. Then, d
ðx, yÞ is a b-metric space with

s = 2p−1: ð3Þ

Definition 17 (see [20]). Let ðX, dÞ be a b-metric space
with parameter s ≥ 1. Then, a sequence {xn} in X is said
to be

(i) b-convergent if and only if there exists x ∈ X such
that dðxn, xÞ⟶ 0 as n⟶∞

(ii) a b-Cauchy sequence if and only if dðxn, xmÞ⟶ 0
as n,m⟶∞, for all n,m ∈ℕ

In addition, a b-metric space is called complete if and
only if each Cauchy sequence in this space is b-convergent.

Example 18. Let X = ½0,∞Þ and dðx, yÞ = ðx − yÞ2; then, the
space ðX, dÞ is a complete b-metric space.

Definition 19 (see [21]). Let f and g be two self-mappings
on a nonempty set X. If w = f x = gx, for some x ∈ X,
then x is said to be the coincidence point of f and g,
where w is called the point of coincidence of f and g.
Let Cð f , gÞ denote the set of all coincidence points of
f and g.

Definition 20 (see [21]). Let f and g be two self-mappings
defined on a nonempty set X. Then, f and g are said to be
weakly compatible if they commute at every coincidence
point, that is, f x = gx⇒ f gx = gf x, for every x ∈ Cð f , gÞ.

Example 21.

(i) f , g : R⟶ R defined by f ðxÞ = x/3 and gðxÞ = x2,
x ∈ℝ. In this example, f and g have coincidence
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point at x = 0, and x = 1/3 but f and g are not weakly
compatible

(ii) X = ½0, 3� equipped with the usual metric space dðx
, yÞ = jx − yj

Define f , g : X⟶ X by the following:

f xð Þ =
x, if x ∈ 0, 1½ Þ,
3, if x ∈ 1, 3½ �,

(

g xð Þ =
3 − x, if x ∈ 0, 1½ Þ,
3, if x ∈ 1, 3½ �:

( ð4Þ

This example shows, for any x ∈ ½1, 3�, f gx = gf x. There-
fore, f and g are weakly compatible maps on ½0, 3�.

In this study, motivated and inspired by Yan Hao and
Hongyan Guan [22], we introduce the notion of generalized
proximal weakly contractive mappings in b-metric spaces
and prove a common best proximity point theorem for gen-
eralized proximal weakly contractive mapping defined on
complete b-metric spaces.

2. Preliminaries

Definition 22 (see [23]). Let A and B be nonempty subsets of
a metric space ðX, dÞ. We denote by A0 and B0 the following
sets:

A0 = x ∈ A : d x, yð Þ = d A, Bð Þ, for some y ∈ Bf g, ð5Þ

B0 = y ∈ B : d x, yð Þ = d A, Bð Þ, for some x ∈ Af g, ð6Þ
where dðA, BÞ = inf fdðx, yÞ: x ∈ A, y ∈ Bg is the distance

between A and B.

Definition 23 (see [24]). Let A, B be nonempty subset of met-
ric space ðX, dÞ. Given a nonself-mapping T : A⟶ B, then
an element x∗ ∈ A is called best proximity point of the map-
ping if

d x∗, Tx∗ð Þ = d A, Bð Þ: ð7Þ

Definition 24 (see [25]). Let f , g : A⟶ B be nonself-
mappings. An element x⋆ ∈ A is said to be a common best
proximity point of the pair ð f , gÞ if this condition is satis-
fied:

d x⋆, f x⋆ð Þ = d A, Bð Þ = d x⋆, gx⋆ð Þ: ð8Þ

Definition 25 (see [26]). Let f , g : A⟶ B be mappings. A
pair ð f , gÞ is said to commute proximally if for each x, u, v
∈ A,

d u, f xð Þ = d v, gxð Þ = d A, Bð Þ⇒ f v = gu: ð9Þ

Lemma 26 (see [19]). Let ðX, dÞ be a b-metric space with
parameter s ≥ 1. Assume that xn and yn are b-convergent to

x and y, respectively. Then, we have the following:

1
s2
d x, yð Þ ≤ liminf

n⟶∞
d xn, ynð Þ ≤ limsup

n⟶∞
d xn, ynð Þ ≤ s2d x, yð Þ:

ð10Þ

In particular, if x = y, then we have limn⟶∞dðxn, ynÞ = 0.
Moreover, for each z ∈ X, we have the following:

1
s
d x, zð Þ ≤ liminfn⟶∞d xn, zð Þ ≤ limsupn⟶∞d xn, zð Þ ≤ sd x, zð Þ:

ð11Þ

Definition 27 (see [22]). A function f : X⟶ ½0,∞Þ, where
ðX, dÞ is a b-metric space, is called lower semicontinuous if
for all x ∈ X, and a sequence fxng is b-convergent to x, and
we have

f xð Þ ≤ liminf
n⟶∞

f xnð Þ: ð12Þ

Consider the following:
Ψ = fψ : ½0,∞Þ⟶ ½0,∞Þ such that ψ is continuous and

nondecreasing function}.
Also, we denote Φ = fϕ : ½0,∞Þ⟶ ½0,∞Þ such that ϕ is

nondecreasing and lower semicontinuous, and

ϕ tð Þ = 0⇔ t = 0g: ð13Þ

Hao and Guan [22] proved the following common fixed
point results for generalized weakly contractive mapping in
b-metric spaces:

Theorem 28 (see [22]). Let ðX, dÞ be a complete b-metric
space with parameter s ≥ 1, and let f , g : X⟶ X be given
self-mappings satisfying g as injective and f ðXÞ ⊂ gðXÞ where
gðXÞ is closed. Suppose φ : X⟶ ½0,∞Þ is a lower semicon-
tinuous function and p ≥ 2 is a constant. If there are functions
ψ ∈Ψ, ϕ ∈Φ such that

ψ sp d f x, f yð Þ + φ f xð Þ + φ f yð Þ½ �ð Þ
≤ ψ m x, y, d, f , g, φð Þð Þ − ϕ l x, y, d, f , g, φð Þð Þ, ð14Þ

where

m x, y, d, f , g, φð Þ =max d gx, gyð Þ + φ gxð Þ + φ gyð Þ, 1
2

d f x, gxð Þf
�

+ φ f xð Þ + φ gxð Þ + d f y, gyð Þ + φ f yð Þ + φ gyð Þg,
� 1
2s

d f x, gyð Þ + φ f xð Þ + φ gyð Þ + d f y, gxð Þf
+ φ f yð Þ + φ gxð Þgg,

ð15Þ

l x, y, d, f , g, φð Þ =max d gx, gyð Þ + φ gxð Þ + φ gyð Þ, d f y, gyð Þf
+ φ f yð Þ + φ gyð Þg,

ð16Þ
then f and g have a unique coincidence point in X.
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Moreover, f and g have a unique common fixed point pro-
vided that f and g are weakly compatible.

3. Result and Discussion

Definition 29. Let ðX, dÞ be a b-metric space and A and B be
two nonempty subset of a b-metric space ðX, dÞ with param-
eter s ≥ 1 and p ≥ 2 is a constant. A pair of map f , g : A
⟶ B is said to be a generalized proximal weakly contrac-
tive mapping, if for all x, y, h, t, r,m ∈ A,

d h, f xð Þ = d A, Bð Þ, ð17Þ

d t, f yð Þ = d A, Bð Þ, ð18Þ

d r, gxð Þ = d A, Bð Þ, ð19Þ

d m, gyð Þ = d A, Bð Þ, ð20Þ
then

ψ sp d h, tð Þ + φ hð Þ + φ tð Þ½ �ð Þ
≤ ψ md x, y, h, t, r,m, d, φð Þð Þ − ϕ ld x, y, h, t, r,m, d, φð Þð Þ,

ð21Þ

where

md x, y, h, t, r,m, d, φð Þ
=max d r,mð Þ + φ rð Þ + φ mð Þ, 12 d h, rð Þ + φ hð Þ + φ rð Þ½

�

+ d t,mð Þ + φ tð Þ + φ mð Þ�, 1
2s d h,mð Þ + φ hð Þ + φ mð Þ½

+ d t, rð Þ + φ tð Þ + φ rð Þ�g:
ð22Þ

ldðx, y, h, t, r,m, d, φÞ =max fdðr,mÞ + φðrÞ + φðmÞ, dð
t,mÞ + φðtÞ + φðmÞg,ψ ∈Ψ, ϕ ∈Φ, and φ : X ⟶ ½0,∞Þ is a
lower semicontinuous function.

Theorem 30. Let ðA, BÞ be a pair of nonempty subsets of a
complete b-metric space ðX, dÞ, and assume that A0 and B0
are nonempty such that A0 is closed. Define a pair of mapping
f , g : A⟶ B satisfying the following conditions:

(i) f and g are generalized proximal weakly contractive
mapping

(ii) f ðA0Þ ⊆ B0, and f ðA0Þ ⊂ gðA0Þ
(iii) f and g are continuous mapping

(iv) f and g are commute proximity

Then, f and g have a unique common best proximity
point.

Proof. We prove the existence of common best proximity
point.

Let x0 ∈ A0. Since f ðA0Þ ⊂ gðA0Þ, there exists x1 ∈ A0
such that

f x0 = gx1: ð23Þ

Also, x1 ∈ A0. Since f ðA0Þ ⊂ gðA0Þ, there exists x2 ∈ A0
such that

f x1 = gx2: ð24Þ

Continuing this process in a similar fashion, obtain the
sequence fxng and fxn+1g in A0 such that

f xn = gxn+1, ð25Þ

for each n ≥ 0.
Since f ðA0Þ ⊆ B0 and A0 is nonempty set, there exists

un ∈ A0 such that

d un, f xnð Þ = d A, Bð Þ, ð26Þ

for all n ≥ 0:
Further, we obtain that

d A, Bð Þ = d un, f xnð Þ = d un, gxn+1ð Þ, ð27Þ

for all n ≥ 0:
Our first goal is to show that f u = gu, for some u ∈ A0.
Suppose that un = un+1, for some n ≥ 0, by (2) and (3), we

get that

d un+1, f xn+1ð Þ = d A, Bð Þ = d un, f xnð Þ = d un, gxn+1ð Þ: ð28Þ

Since f and g commute proximally, f un = un+1 = gun,
and so we are done.

Assume that un ≠ un+1, for all n ≥ 0. From (3), note that

d un, f xnð Þ = d un+1, f xn+1ð Þ = d A, Bð Þ = d un−1, gxnð Þ = d un, gxn+1ð Þ,
ð29Þ

for all n ≥ 1. Since a pair ð f , gÞ is generalized proximal
weakly contractive map with x = xn, y = xn+1, we have that

ψ d un, un+1ð Þ + φ unð Þ + φ un+1ð Þð Þ
≤ ψ sp d un, un+1ð Þ + φ unð Þ + φ un+1ð Þ½ �ð Þ
≤ ψ md xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ

− ϕ ld xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ,

ð30Þ
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where

ψ md xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ
=max d un−1, unð Þ + φ un−1ð Þ + φ unð Þ, 12 d un, un−1ð Þ + φ unð Þf

�

+ φ un−1ð Þ + d un+1, unð Þ + φ un+1ð Þ + φ unð Þg, 1
2s d un, unð Þf

+ φ unð Þ + φ unð Þ + d un+1, un−1ð Þ + φ un+1ð Þ + φ un−1ð Þgg
≤max d un, un−1ð Þ + φ unð Þ + φ un−1ð Þ, d un, un+1ð Þ + φ unð Þf

+ φ un+1ð Þg,

ϕ ld xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ
=max d un−1, unð Þ + φ un−1ð Þ + φ unð Þ, d un, un+1ð Þ + φ unð Þf

+ φ un+1ð Þg:
ð31Þ

If dðun, un+1Þ + φðunÞ + φðun+1Þ > dðun−1, unÞ + φðun−1Þ
+ φðunÞ, for some n ∈ℕ, in view of (5)–(8), we have

ψ d un, un+1ð Þ + φ unð Þ + φ un+1ð Þð Þ
≤ ψ md xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ
− ϕ ld xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ
≤ ψ d un, un+1ð Þ + φ unð Þ + φ un+1ð Þð Þ
− ϕ d un, un+1ð Þ + φ unð Þ + φ un+1ð Þð Þ,

ð32Þ

which implies ϕðdðun, un+1Þ + φðunÞ + φðun+1ÞÞ = 0.
Hence, un = un+1, a contradiction.
Thus, we have

d un, un+1ð Þ + φ unð Þ + φ un+1ð Þ ≤ d un−1, unð Þ + φ un−1ð Þ + φ unð Þ,
md xn, xn+1, un−1, un, un, un+1, d, φð Þ ≤ d un−1, unð Þ + φ un−1ð Þ + φ unð Þ,
ld xn, xn+1, un−1, un, un, un+1, d, φð Þ = d un−1, unð Þ + φ un−1ð Þ + φ unð Þ:

ð33Þ

It follows from (10) that {dðun, un+1Þ + φðunÞ + φðun+1Þ}
is a nonincreasing sequence, and so there exists r ≥ 0 such
that

lim
n⟶∞

d un, un+1ð Þ + φ unð Þ + φ un+1ð Þð Þ = r: ð34Þ

By (5), (11), and (12), we can obtain

ψ d un, un+1ð Þ + φ unð Þ + φ un+1ð Þð Þ
≤ ψ md xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ

− ϕ ld xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ
≤ ψ d un−1, unð Þ + φ un−1ð Þ + φ unð Þð Þ
− ϕ d un−1, unð Þ + φ un−1ð Þ + φ unð Þð Þ:

ð35Þ

Now assume that r > 0. Taking the upper limit as n

⟶∞ in (15), we have

limsup
n⟶∞

ψ d un, un+1ð Þ + φ unð Þ + φ un+1ð Þð Þ
≤ limsup

n⟶∞
ψ md xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ

− limsup
n⟶∞

ϕ ld xn, xn+1, un−1, un, un, un+1, d, φð Þð Þ
≤ limsup

n⟶∞
ψ d un−1, unð Þ + φ un−1ð Þ + φ unð Þð Þ

− liminf
n⟶∞

ϕ d un−1, unð Þ + φ un−1ð Þ + φ unð Þð Þ,

ð36Þ

which implies that ψðrÞ ≤ ψðrÞ − ϕðrÞ, a contradiction.
Thus, we have

lim
n⟶∞

d un, un+1ð Þ + φ unð Þ + φ un+1ð Þð Þ = r = 0: ð37Þ

It follows that

lim
n⟶∞

d un, un+1ð Þ = 0, lim
n⟶∞

φ unð Þ = 0: ð38Þ

Now, we claim that {un} is a Cauchy sequence.
Suppose contradiction, that is, {un}, is not a Cauchy

sequence. Then, there exists ε > 0 such that there are subse-
quences {umk

} and {unk} of {un} so that for all k ∈ℕ with
nk >mk > k, we obtain

ε ≤ d umk
, unk

� �
,

d umk
, unk−1

� �
< ε:

ð39Þ

By triangular inequality in b-metric space and (19) and
(20), we have

ε ≤ d umk
, unk

� �
≤ sd umk

, unk−1
� �

+ sd unk−1, unk
� �

< sε + sd unk−1, unk
� �

:

ð40Þ

Taking the upper limit as k⟶∞ in the above inequal-
ity, we have

ε ≤ limsup
n⟶∞

d umk
, unk

� �
≤ sε,

ε

s
≤ limsup

n⟶∞
d umk

, unk−1
� �

≤ ε:
ð41Þ

Also, we have

ε ≤ d umk
, unk

� �
≤ sd umk

, umk−1
� �

+ sd umk−1, unk
� �

≤ sd umk
, umk−1

� �
+ s2d umk−1, umk

� �
+ s2d umk

, unk
� �

≤ sd umk
, umk−1

� �
+ s2d umk−1, umk

� �
+ s3ε:

ð42Þ

Then, by taking the upper limit as k⟶∞ in (42), we
have

ε ≤ limsup
n⟶∞

sd umk−1, unk
� �

≤ s3ε, ð43Þ
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which implies

ε

s
≤ limsup

n⟶∞
d umk−1, unk
� �

≤ s2ε: ð44Þ

It is from

ε ≤ d umk
, unk

� �
≤ sd umk

, umk−1
� �

+ sd umk−1, unk
� �

≤ sd umk
, umk−1

� �
+ s2d umk−1, unk−1

� �
+ s2d unk−1, unk

� �
≤ sd umk

, umk−1
� �

+ s3d umk−1, umk

� �
+ s3d umk

, unk−1
� �

≤ sd umk
, umk−1

� �
+ s3d umk−1, umk

� �
+ s3ε:

ð45Þ

By taking the upper limit as k⟶∞ in (43), we have

ε

s2
≤ limsup

n⟶∞
d umk−1, unk−1
� �

≤ sε: ð46Þ

In similar fashion by taking the lower limit, we can
obtain

ε ≤ liminf
n⟶∞

d umk
, unk

� �
≤ sε,

ε

s
≤ liminf

n⟶∞
d umk

, unk−1
� �

≤ ε,
ε

s
≤ liminf

n⟶∞
d umk−1, unk
� �

≤ s2ε,
ε

s2
≤ liminf

n⟶∞
d umk−1, unk−1
� �

≤ sε:

ð47Þ

Since fumk
g and funkg satisfy equations (26) and (27),

we obtain that

d unk , f xnk
� �

= d A, Bð Þ = d unk−1 , gxnk
� �

,

d umk
, f xmk

� �
= d A, Bð Þ = d umk−1

, gxmk

� �
,

ð48Þ

for each k ∈ℕ. Since f and g are generalized proximal
weakly contractive mapping with x = xnk and y = xmk

, we
have

ψ d unk , umk

� �
+ φ unk

� �
+ φ umk

� �� �
≤ ψ md xnk , xmk

, unk , umk
, unk−1 , umk−1

, d, φ
� �� �

− ϕ ld xnk , xmk
, unk , umk

, unk−1 , umk−1
, d, φ

� �� �
:

ð49Þ

From the definition, we have

md xnk , xmk
, unk , umk

, unk−1 , umk−1
, d, φ

� �
≤max d umk−1, unk−1

� �
+ φ umk−1

� �
+ φ unk−1

� �
, 12 d unk , unk−1

� ���

+ φ unk
� �

+ φ unk−1
� �

+ d umk
, umk−1

� �
+ φ umk

� �
+ φ umk−1

� ��
, 1
2s d unk , umk−1

� ��
+ φ unk

� �
+ φ umk−1

� �
+ d unk−1 , umk

� �
+ φ unk−1

� �
+ φ umk−1

� ��g:
ð50Þ

Taking the upper limit as k⟶∞, we obtain

limsup
n⟶∞

md xnk , xmk
, unk , umk

, unk−1 , umk−1
, d, φ

� �
≤max sε, 0, ε + s2ε

2s

� �
= sε:

ð51Þ

Also, we have

ld xnk , xmk
, unk , umk

, unk−1 , umk−1
, d, φ

� �
=max d umk−1, unk−1

� �
+ φ umk−1

� �
+ φ unk−1

� �
, d umk

, umk−1
� ��

+ φ umk

� �
+ φ umk−1

� ��
:

ð52Þ

By taking the lower limit as k⟶∞, we have

sε ≥ liminf
n⟶∞

ld xnk , xmk
, unk , umk

, unk−1 , umk−1
, d, φ

� �
≥

ε

s2
: ð53Þ

By applying generalized proximal weakly contractive
mapping with x = xnk and y = xmk

, we have

ψ sεð Þ ≤ ψ spεð Þ ≤ ψ splimsup
n⟶∞

d umk
, unk

� �
+ φ umk

� �
+ φ unk

� �� 	
 �

≤ ψ limsup
n⟶∞

md xnk , xmk
, unk , umk

, unk−1 , umk−1
, d, φ

� �
 �
− liminf

n⟶∞
ϕ ld xnk , xmk

, unk , umk
, unk−1 , umk−1

, d, φ
� �� �

≤ ψ sεð Þ − ϕ liminf
n⟶∞

ld xnk , xmk
, unk , umk

, unk−1 , umk−1
, d, φ

� ��
,

ð54Þ

which implies that

liminf
n⟶∞

ld xnk , xmk
, unk , umk

, unk−1 , umk−1
, d, φ

� �
= 0, ð55Þ

a contradiction to (53). Hence, the sequence fung is
Cauchy. Since A0 be a closed subset of the complete b-
metric space X, there exists u ∈ A0 such that

lim
n⟶∞

un = u: ð56Þ

By the definition of φ, we have

φ uð Þ ≤ liminf
n⟶∞

φ unð Þ = 0⇒ φ uð Þ = 0: ð57Þ

Consider, by (2) and (3), that

d un, f xnð Þ = d un−1, gxnð Þ = d A, Bð Þ: ð58Þ

Since f and g are commute proximally,

f un−1 = gun, ð59Þ
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for all n ∈ℕ. By continuity of f and g,

f u = lim
n⟶∞

f un−1 = lim
n⟶∞

gun = gu: ð60Þ

Now, we claim the existence of common best proximity
point of f and g. Since f ðA0Þ ⊆ B0, there exists x

⋆ ∈ A0 such
that

d x⋆, f uð Þ = d x⋆, guð Þ = d A, Bð Þ: ð61Þ

By the assumption that f and g commute proximally,
f x⋆ = gx⋆.

According to the assumption that f ðA0Þ ⊆ B0, there
exists z⋆ ∈ A0 such that

d z⋆, f x⋆ð Þ = d z⋆, gx⋆ð Þ = d A, Bð Þ: ð62Þ

Next, we claim that x⋆ = z⋆. Suppose that x⋆ ≠ z⋆, that is,
dðx⋆, z⋆ÞÞ > 0. By applying generalized proximal weakly
contractive mapping with x = u and y = x⋆, we observe that

ψ d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þð Þ
≤ ψ sp d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þ½ �ð Þ
≤ ψ md u, x⋆, x⋆, z⋆, x⋆, z⋆, d, φð Þð Þ

− ϕ ld u, x⋆, x⋆, z⋆, x⋆, z⋆, d, φð Þð Þ,

ð63Þ

where

md u, x⋆, x⋆, z⋆, x⋆, z⋆, d, φð Þ
=max d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þ, 12 d x⋆, x⋆ð Þ + φ x⋆ð Þf

�

+ φ x⋆ð Þ + d z⋆, z⋆ð Þ + φ z⋆ð Þ + φ z⋆ð Þg, 1
2s d x⋆, z⋆ð Þf

+ φ x⋆ð Þ + φ z⋆ð Þ + d z⋆, x⋆ð Þ + φ z⋆ð Þ + φ x⋆ð Þgg
≤ d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þ,

ð64Þ

ld u, x⋆, x⋆, z⋆, x⋆, z⋆, d, φð Þ
=max d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þ, d z⋆, z⋆ð Þ + φ z⋆ð Þ + φ z⋆ð Þf g
= d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þ:

ð65Þ
From (63)–(65), we have

ψ d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þð Þ
≤ ψ d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þð Þ − ϕ d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þð Þ,

ð66Þ

which implies

d x⋆, z⋆ð Þ + φ x⋆ð Þ + φ z⋆ð Þ = 0,
⇒d x⋆, z⋆ð Þ = 0,
φ x⋆ð Þ = 0:

ð67Þ

This contradicts the assumption x⋆ ≠ z⋆. Thus, x⋆ = z⋆.
Hence,

d x⋆, f x⋆ð Þ = d A, Bð Þ = d x⋆, gx⋆ð Þ: ð68Þ

That is, the element x⋆ ∈ A is a common best proximity
point of f and g.

Finally, we have to show that the point x⋆ is unique.
Let y⋆ ∈ A be another common best proximity point of f

and g. Then,

d x⋆, f x⋆ð Þ = d y⋆, f y⋆ð Þ = d A, Bð Þ = d x⋆, gx⋆ð Þ = d y⋆, gy⋆ð Þ:
ð69Þ

Since f and g are generalized proximal weakly contrac-
tive mapping, we obtain that

ψ d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þð Þ
≤ ψ sp d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þ½ �ð Þ
≤ ψ md x⋆, y⋆, x⋆, y⋆, x⋆, y⋆, d, φð Þð Þ
− ϕ ld x⋆, y⋆, x⋆, y⋆, x⋆, y⋆, d, φð Þð Þ,

ð70Þ

where

md x⋆, y⋆, x⋆, y⋆, x⋆, y⋆, d, φð Þ
=max d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þ, 12 d x⋆, x⋆ð Þ + φ x⋆ð Þf

�

+ φ x⋆ð Þ + d y⋆, y⋆ð Þ + φ y⋆ð Þ + φ y⋆ð Þg, 1
2s d x⋆, y⋆ð Þf

+ φ x⋆ð Þ + φ y⋆ð Þ + d y⋆, x⋆ð Þ + φ y⋆ð Þ + φ x⋆ð Þgg
≤ d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þ,

ð71Þ

ld x⋆, y⋆, x⋆, y⋆, x⋆, y⋆, d, φð Þ
=max d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þ, d y⋆, y⋆ð Þ + φ y⋆ð Þ + φ y⋆ð Þf g
= d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þ:

ð72Þ
Now, from (71) and (72), we have

ψ d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þð Þ
≤ ψ d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þð Þ − ϕ d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þð Þ:

ð73Þ

By the properties of ϕ and from (73), we have

d x⋆, y⋆ð Þ + φ x⋆ð Þ + φ y⋆ð Þ = 0,
⇒d x⋆, y⋆ð Þ = 0, φ x⋆ð Þ = 0,

ð74Þ

which contradict the supposition that x⋆ ≠ y⋆. Thus, x⋆

= y⋆.
Therefore, f and g have a unique common best proxim-

ity point.
The proof is completed.
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Example 31. Let X =ℝ2 and d : X × X⟶ ½0,∞Þ be
defined by dððx1, x2Þ, ðy1, y2ÞÞ = jx1 − y1j2 + jx2 − y2j2, for
all ðx1, x2Þ, ðy1, y2Þ ∈ X and ðX, dÞ is a complete b-metric
space with parameter s = 2.

Suppose

A = x, 0ð Þ: 0 ≤ x ≤ 1f g,
B = x, 1ð Þ: 0 ≤ x ≤ 1f g:

ð75Þ

Let f , g : A⟶ B be the mapping defined by

f x, 0ð Þ = x
8 , 1

� 
,

g x, 0ð Þ = 7 x
8

� 
, 1

� 
:

ð76Þ

φ : X ⟶ ½0,∞Þ, defined by φðx, 0Þ = x2, and define a
mapping ψ, ϕ : ½0,∞Þ⟶ ½0,∞Þ with ψðtÞ = t, and ϕðtÞ =
35t/98. Clearly, φ is lower semicontinuous function, and ψ
is continuous and nondecreasing function. Further, ϕ is
nondecreasing and lower semicontinuous, and ϕðtÞ = 0⇔ t
= 0.

dðA, BÞ = inf fdððx, 0Þ, ðx, 1ÞÞ: ðx, 0Þ ∈ A, ðx, 1Þ ∈ Bg,
which implies that dðA, BÞ = inf fjx − xj2 + j0 − 1j2g = 1 and
implies that dðA, BÞ = 1.

Notice that f and g are continuous. Now, we check that f
and g are generalized proximal weakly contractive mapping.

In fact, for all ðx, 0Þ, ðy, 0Þ, ðh, 0Þ, ðt, 0Þ, ðr, 0Þ, ðm, 0Þ∈A,
we have

dððh, 0Þ, f ðx, 0ÞÞ = dðA, BÞ implies that dððh, 0Þ, ðx/8, 1ÞÞ
= 1, which implies that h = x/8

dððt, 0Þ, f ðy, 0ÞÞ = dðA, BÞ; this implies dððt, 0Þ, ðy/8, 1ÞÞ
= 1, which implies that t = y/8

dððr, 0Þ, gðx, 0ÞÞ = dðA, BÞ implies that dððr, 0Þ, ð7ðx/8Þ,
1ÞÞ = 1, implies that r = 7ðx/8Þ

dððm, 0Þ, gðy, 0ÞÞ = dðA, BÞ implies that dððm, 0Þ, ð7ðy/8
Þ, 1ÞÞ = 1, implies that m = 7ðy/8Þ

Then, by applying the generalized proximal weakly contrac-
tive mapping definition with s = p = 2, we have the following:

ψ sp d h, 0ð Þ, t, 0ð Þð Þ + φ h, 0ð Þ + φ t, 0ð Þ½ �ð Þ
≤ ψ md x, 0ð Þ, y, 0ð Þ, h, 0ð Þ, t, 0ð Þ, r, 0ð Þ, m, 0ð Þ, d, φð Þð Þ

− ϕ ld x, 0ð Þ, y, 0ð Þ, h, 0ð Þ, t, 0ð Þ, r, 0ð Þ, m, 0ð Þ, d, φð Þð Þ:
ð77Þ

Now, we have

ψ sp d h, 0ð Þ, t, 0ð Þð Þ + φ h, 0ð Þ + φ t, 0ð Þ½ �ð Þ
= 22: d x

8 , 0
� 

, y
8 , 0

� � 
+ φ

x
8 , 0

� 
+ φ

y
8 , 0

� h i
= 4: d

x
8 , 0

� 
, y

8 , 0
� � 

+ x
8

� 2
+ y

8
� 2� �

= 4: x
8 −

y
8

��� ���2 + 0 − 0j j2 + x
8

� 2
+ y

8
� 2�

= 4: x
8 −

y
8

� 2
+ x

8
� 2

+ y
8

� 2� �
≤ 4: 164 :2 x2 + y2

� �
= 1
8 x2 + y2
� �

,

ψ md x, 0ð Þ, y, 0ð Þ, h, 0ð Þ, t, 0ð Þ, r, 0ð Þ, m, 0ð Þ, d, φð Þð Þ
=max d r, 0ð Þ, m, 0ð Þð Þ + φ r, 0ð Þ + φ m, 0ð Þ, 12 d h, 0ð Þ, r, 0ð Þð Þ + φ h, 0ð Þf

�

+ d t, 0ð Þ, m, 0ð Þð Þ + φ t, 0ð Þ + φ m, 0ð Þg, 1
2s d h, 0ð Þ, m, 0ð Þð Þ + φ h, 0ð Þf

+ φ m, 0ð Þ + d t, 0ð Þ, r, 0ð Þð Þ + φ t, 0ð Þ + φ r, 0ð Þgg
≥ ψ

1
2 d h, 0ð Þ, r, 0ð Þð Þ + φ h, 0ð Þ + φ r, 0ð Þ + d t, 0ð Þ, m, 0ð Þð Þ + φ t, 0ð Þ + φ m, 0ð Þ½ �


 �

= 1
2 d

x
8 , 0

� 
, 7x

8 , 0

 �


+ φ
x
8 , 0

� 
+ φ

7x
8 , 0


 �
+ d

y
8 , 0

� 
, 7y

8 , 0

 �
 ��

+ φ
y
8 , 0

� 
+ φ

7y
8 , 0


 ��

= 1
2

x
8 −

7x
8

����
����
2
+ 0 − 0j j2 + x

8
� 2

+ 7x
8


 �2
+ y

8 −
7y
8

����
����
2
+ 0 − 0j j2 + y

8
� 2

+ 7y
8


 �2
" #

= 1
2 :

1
64 36x2 + x2 + 49x2 + 36y2 + y2 + 49y2

� �
= 1
2 :

1
64 86x2 + 86y2

� �
= 43
64 x2 + y2

� �
,

ϕ ld x, 0ð Þ, y, 0ð Þ, h, 0ð Þ, t, 0ð Þ, r, 0ð Þ, m, 0ð Þ, d, φð Þð Þ
= ϕ max d r, 0ð Þ, m, 0ð Þð Þ + φ r, 0ð Þ + φ m, 0ð Þ, d t, 0ð Þ, m, 0ð Þð Þ + φ t, 0ð Þ + φ m, 0ð Þf gð Þ
= 35
98 max d

7x
8 , 0


 �
, 7y

8 , 0

 �
 �

+ φ
7x
8 , 0


 ��

+ φ
7y
8 , 0


 �
, d y

8 , 0
� 

, 7y
8 , 0


 �
 �
+ φ

y
8 , 0

� 
+ φ

7y
8 , 0


 ��

= 35
98 max 7x

8 −
7y
8

����
����
2
+ 0 − 0j j2 + 7x

8


 �2
+ 7y

8


 �2
, y
8 −

7y
8

����
����
2

(

+ 0 − 0j j2 + y
8

� 2
+ 7y

8


 �2
)

= 35
98 max 49

32 x2 + y2
� �

, 4332 y
2

� �
≤
35
64 x2 + y2

� �
:

ð78Þ

According to above inequalities, we get that

ψ sp d h, 0ð Þ, t, 0ð Þð Þ + φ h, 0ð Þ + φ t, 0ð Þ½ �ð Þ
≤
1
8 x2 + y2
� �

= 43
64 x2 + y2

� �
−
35
64 x2 + y2

� �
≤ ψ md x, 0ð Þ, y, 0ð Þ, h, 0ð Þ, t, 0ð Þ, r, 0ð Þ, m, 0ð Þ, d, φð Þð Þ

− ϕ ld x, 0ð Þ, y, 0ð Þ, h, 0ð Þ, t, 0ð Þ, r, 0ð Þ, m, 0ð Þ, d, φð Þð Þ:
ð79Þ

Hence, f and g are generalized proximal weakly contractive
mappings.

Next, consider, by the definition of A0, B0, that A0 = A
and B0 = B; thus, f ðA0Þ and gðA0Þ ⊆ B0. Additionally, f
ðA0Þ = fðx, 1Þ: 0 ≤ x ≤ 1/8g ⊂ fðx, 1Þ: 0 ≤ x ≤ 7/8g = gðA0Þ:

Now, it remains to show that f and g commute proxi-
mally. Let x, u, v ∈ A such that

d u, f xð Þ = d v, gxð Þ = d A, Bð Þ: ð80Þ

Consequently, x = ðx̂, 0Þ, u = ðû, 0Þ, and v = ðv̂, 0Þ, where
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û = x/8 and v̂ = 7x̂/8. Thus,

f x = f x̂, 0ð Þ = x̂
8 , 1


 �
,

gx = g x̂, 0ð Þ = 7x̂
8 , 1


 �
,

d u, f xð Þ = d û, 0ð Þ, f x̂, 0ð Þð Þ = d
x̂
8 , 0


 �
, x̂

8 , 1

 �
 �

= 1 = d A, Bð Þ,

d v, gxð Þ = d v̂, 0ð Þ, g x̂, 0ð Þð Þ = d
7x̂
8 , 0


 �
, 7x̂

8 , 1

 �
 �

= 1 = d A, Bð Þ:

ð81Þ

Therefore,

d u, f xð Þ = d v, gxð Þ = d A, Bð Þ: ð82Þ

Now, we claim that

f v = gu,

gu = g û, 0ð Þ = g
x̂
8 , 0


 �
= 7x̂

64 , 1

 �

,

f v = f v̂, 0ð Þ = f
7x̂
8 , 0


 �
= 7x̂

64 , 1

 �

,

ð83Þ

which implies f v = gu.
Hence, dðu, f xÞ = dðv, gxÞ = dðA, BÞ⇒ f v = gu:
Therefore, f and g are commute proximally.
Finally, by Theorem 30, we can conclude that there is a

unique common best proximity point of the pair ð f , gÞ. In
fact, the point ð0, 0Þ is the unique common best proximity
point of ð f , gÞ.

To show this, there exists ðx⋆, 0Þ ∈ A such that

d x⋆, 0ð Þ, f x⋆, 0ð Þð Þ = d x⋆, 0ð Þ, g x⋆, 0ð Þð Þ = d A, Bð Þ = 1,
ð84Þ

where ðx⋆, 0Þ is common best proximity point of f and g.
Now find x⋆

d x⋆, 0ð Þ, f x⋆, 0ð Þð Þ = d A, Bð Þ = 1, ð85Þ

and this implies that

d x⋆, 0ð Þ, x⋆

8 , 1

 �
 �

= 1, ð86Þ

implying that

x⋆ −
x⋆

8

����
����
2
+ 0 − 1j j2 = 1: ð87Þ

From this, we get

x⋆ −
x⋆

8

����
����
2
= 0: ð88Þ

Hence, x⋆ = 0, and also, from

d x⋆, 0ð Þ, g x⋆, 0ð Þð Þ = d A, Bð Þ = 1, ð89Þ

we have

d x⋆, 0ð Þ, 7x⋆
8 , 1


 �
 �
= 1, ð90Þ

implying that

x⋆ −
7x⋆
8

����
����
2
+ 0 − 1j j2 = 1: ð91Þ

From this, we get

x⋆ −
7x⋆
8

����
����
2
= 0: ð92Þ

Hence, x⋆ = 0.
Therefore, the point ðx⋆, 0Þ = ð0, 0Þ ∈ A is a unique com-

mon best proximity point of f and g.
If φ = 0 in Theorem 30, we can get the following result:

Corollary 32. Let ðA, BÞ be a pair of nonempty subsets of a
complete b-metric space ðX, dÞ, and assume that A0 and B0
are nonempty such that A0 is closed. Define a pair of mapping
f , g : A⟶ B satisfying the following conditions:

(i) For all x, y, h, t, r,m ∈ A,

d h, f xð Þ = d A, Bð Þ,
d t, f yð Þ = d A, Bð Þ,
d r, gxð Þ = d A, Bð Þ,
d m, gyð Þ = d A, Bð Þ,

ð93Þ

then

ψ spd h, tð Þð Þ ≤ ψ md x, y, h, t, r,m, dð Þð Þ
− ϕ ld x, y, h, t, r,m, dð Þð Þ, ð94Þ

where

md x, y, h, t, r,m, dð Þ =max d r,mð Þ, 1
2
d h, rð Þ + d t,mð Þ½ �, 1

2s
d h,mð Þ + d t, rð Þ½ �

� �
,

ld x, y, h, t, r,m, dð Þ =max d r,mð Þ, d t,mð Þf g,
ψ ∈Ψ, ϕ ∈Φ,

ð95Þ

(ii) f ðA0Þ ⊆ B0 and f ðA0Þ ⊂ gðA0Þ:
(iii) f and g are continuous mapping

(iv) f and g are commute proximity
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Then, f and g have a unique common best proximity
point.

If we consider the corresponding problem in the setting of
metric space, that is, s = 1 in Theorem 30, we can obtain the
following:

Corollary 33. Let ðA, BÞ be a pair of nonempty subsets of a
complete b-metric space ðX, dÞ and assume that A0 and B0
are nonempty such that A0 is closed. Define a pair of mapping
f , g : A⟶ B satisfying the following conditions:

(i) For all x, y, h, t, r,m ∈ A,

d h, f xð Þ = d A, Bð Þ,
d t, f yð Þ = d A, Bð Þ,
d r, gxð Þ = d A, Bð Þ,
d m, gyð Þ = d A, Bð Þ,

ð96Þ

then

ψ d h, tð Þ + φ hð Þ + φ tð Þð Þ
≤ ψ md x, y, h, t, r,m, d, φð Þð Þ − ϕ ld x, y, h, t, r,m, d, φð Þð Þ,

ð97Þ

where

md x, y, h, t, r,m, d, φð Þ =max d r,mð Þ + φ rð Þ + φ mð Þ, 1
2
d h, rð Þ + φ hð Þ + φ rð Þ½

�

+ d t,mð Þ + φ tð Þ + φ mð Þ�, 1
2
d h,mð Þ + φ hð Þ + φ mð Þ½

+ d t, rð Þ + φ tð Þ + φ rð Þ�g,

ld x, y, h, t, r,m, d, φð Þ =max d r,mð Þ + φ rð Þ + φ mð Þ, d t,mð Þ + φ tð Þ + φ mð Þf g,
ð98Þ

is the same as Theorem 30, ψ ∈Ψ, ϕ ∈Φ, and φ : X
⟶ ½0,∞Þ is a lower semicontinuous function.

f A0ð Þ ⊆ B0, andf A0ð Þ ⊂ g A0ð Þ ð99Þ

(ii) f and g are continuous mapping
(iii) f and g are commute proximity
Then, f and g have a unique common best proximity

point.

4. Conclusion

This study is concerned with the existence and uniqueness of
common best proximity point for generalized proximal
weakly contractive mapping in complete b-metric spaces,
and in this study, we have defined the notion of generalized
proximal weakly contractive mapping in b-metric spaces.
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