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Abstract

This paper found upper and lower bounds on the expected nearest neighbor distance for
distributions having unbounded supports (-~,~) and induced lower and upper bounds for logistic
and Laplace distributions, as typical. Then we found the risk of nearest neighbor of their
distributions.
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distribution, Laplace’s distribution.

1 Introduction

The nearest neighbor rule was first studied by Fix and Hodges [1]. Cover and Hart [2] proved that
R* < R, < 2R*(1 — R*) under certain conditions, where R* denotes the Bayes error (the minimum
probability of error over all decision rules), and R.. is the nearest neighbor risk in the infinite-sample
limit. Cover [3] has shown that R,, = R.. + 0(m™2) for the nearest neighbor classifier in the case
one-dimensional bounded support, mixture density f >c >0, and under some additional
conditions, where R,, denotes the finite sample risk, and m is the sample size. Kulkarni and
Posner [4] studied the rate of convergence for nearest neighbor estimation in terms of the covering
numbers of totally bounded sets. Evans et al. [5] derived an asymptotic moments of near neighbor
distance distributions. Irle and Rizk [6] found an asymptotic evaluation of the conditional risk R,,(x)
(the probability of error conditioned on the event that X = x) by using partial integration and
Laplace’s method. Liitidinen et al. [7] studied a boundary corrected expansion of the moments of
nearest neighbor distributions. Rizk and Ateya [8] found lower and upper bounds for the risk of
nearest neighbor of generalized exponential distribution.
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In this paper, we find upper and lower bounds on the expected nearest neighbor distance for
distributions having unbounded support S = (—«, «) for which we derive upper and lower bounds
on the expected nearest neighbor distance of logistic and Laplace distributions as typical, and
evaluate the bounds of the risk for their distributions.

In pattern recognition if we have a random variable (X, 8), such that X € R? is an observed pattern
from which we wish to predict the unobservable class 6. This class takes values in a finite set
M ={1,2,...,C}. If the joint distribution of (X,8) is known, then the best classifier is the Bayes
classifier, see [9,10]. In general the joint distribution of (X, 8) will be unknown, and we have a

training sequence D,, = ((X(l),9(1)), (x®,0@), ...,(X(m>,9<m))) at our disposal, where patterns
and corresponding classes are observed and we assume that
((X(l), W), (x@,9®), .., (x™, 9(’"))), the data, stem from a sequence of independent identically

distributed random pairs with the same distribution as (X, 8). The nearest neighbor rule assigns
any input feature vector to the class given by the label 8' of the nearest reference vector.

The problem to be considered is the classification of a random variable 6 taking values in M =
{1,2} given a sample X in y, with the goal of minimizing the finite-sample risk R,, = P(6 # 6,
where y is a separable metric space equipped with metric p which we denote as the pair
(x, p).Define the nearest distance at time m as d,,, = p(X, X".

2 Bounds for the Expected Nearest Neighbor Distance

In this section, we find upper and lower bounds for expected nearest neighbor distance for
distributions having unbounded support S = (=, ), compare [6].

2.1 An Upper Bound on the Expected Nearest Neighbor Distance

We use constants, —= < K;(m) < 0 < K,(m) < « depending on m, to write

Ed,, = f_mfo P(X —x| > ¢e)™def(x)dx
Ki(m) re

= f f P(X — x| > &)™ def(x)dx
—w 0

+'L2(m)f0 P(X — x| > e)™def(x)dx

Ka(m) p«
+ f P(|X — x| > e)™def (x)dx.
Ki(m) Y0
where,
Ki(m) (=
L,(m) = f f P(X — x| > e)™def (x) dx, (2.2)
—e 0
L,(m) = fﬁ fwP(lX — x| > e)™def (x)dx, (2.3)
K,(m) Yo
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Ka(m) (e
Ly(m) = f P(|X — x| > &)™def (x)dx. (2.4)
Ki(m) Y0

2.1.1 Bounding L,(m) and L,(m)

We assume for the following that |X — x| has a finite moment generating function ¢(t,x) =
E(et™=*1), x € R,0 < t < 1. By Markov's inequality for any 0 <t < 1, we obtain:

f P(X —x| > e)™ds :f P(eth—xl > etg)m de
0 0

o0

1
< m ,—mte I m
_fo ot x)"e de t(p(t,x)

- = _ m \"
Fort = — andt > 1, we have fo P(|X —x| > &)Mde < 19 (Tm,x) It follows

Kq(m) 1 m
Ly(m) < rf 1) (?n' x) f()dx, (2.5)
0 1 m
L,(m) < ‘[f @ (—x) f(x)dx. (2.6)
Kz (m) ™m

2.1.2 Bounding L;(m)

From (2.4) we have

Ka(m) =
Ly(m) = f P(X — x| > e)™def (x)dx
Ki(m) Y0
Ka(m) pe
= f e MO £(x)dedx, 2.7)
Ki(m) Y0

where G(x, &) = —1 ogP(|X — x| > &).Assume that the following inequality holds:
There exists ¢ > 0 such that for all x in the support of X and for all ¢ > 0

G(x, &) = cef (x). 2.8)

From this inequality, we obtain

Ka(m) (e Ka(m) (e
f e‘mG(x'S)f(x)dedeJ f e MO f (x)dedx
Ki(m) YO0 Ki(m) YO
Ka(m) 1 1
=f —dx = —(K,(m) — K, (m)). (2.9)
Ky (m)y €M cm

We can show that a sufficient condition for G (x, €) = cef (x) is given by, see [6]:
P(X — x| < &) = cef (x).

Note that this second condition will always be violated for unbounded Support letting € tend to.
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2.2 Deriving a Lower Bound

Ed,, = fwP(dm > ¢g)de = jw fwP(dm > e|lX = x)def (x)dx
0 —x J0
=f f P(X — x| > e)™def (x)dx
— JQ
= P(X —&)™d d
f_m’; X <x—¢e)"de f(x)dx

0

= f_w f;P(X < z)™dzf(x)dx
= f:fmf(x) dxP(X < z)™dz

In the following sections we derive the upper and lower bounds for the expected nearest neighbor
distance Ed,, for logistic and Laplace’s distributions.

3 Bounds on the Expected Nearest Neighbor Distance for
Logistic Distribution

—(x-a)
Let X have a probability density functionf(x) = —= >

a2’
b<1+e¥>
parameter and b > 0 the scale parameter. We use the method in the previous section to find the
upper bound for the logistic distribution. Now, without loss of the generality, we assume that a = 0.

—o < x < o, where a the location

3.1 An Upper Bound for the Logistic Distribution

Using the method in (2.1), we take -K;(m) = K,(m) > 0, for x € R,t > 0.

3.1.1 Bounding L,(m) and L,(m)

Firstly, we evaluate ¢(¢,x),i.e, we find the moment generating function of |X —x|. Forx € R,0 <
t <1, we have

(p(x, t) — E(ef|X—X|) < E(etx+tX)
L —x
=et¥ fety—Eb >dy
e b (1 + eT)

bt
= ePT(1—bOr(1+bd = et*—

bt<1,
simbt

X
wherel" gamma function.Hence, for t = in, we obtain ¢ (x,i < ezbm (Sf’" ) Therefore

g
m
T m
2m
. I N
S1H-
2m

1 \" x
"’("’T s e
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It follows
T m X
— « ezb
s sul( ) [
st L Dy (1467)
—Kp(m)
_819- o _mfeKzzb dy
a sid )| Jo (1 +y?)?
L 2m/ |
[/ = N\ ¢ aﬁle_KZZB(m)
=8b (2—’",[) f co £6d0
S1 - 0
2m/
= A\" Kom) 1 Ka(m)
_ 82
=4b (2—"‘”) [t afle 26 +=si 21(t ante 2b )]
sia 2
L 2m/
For K,(m) = 2bl ogn, it follows
T m
om - 1 1 . 1 1
L;(m) + L,(m) < 4b i [t am E+55162t amn %)] (3.1
2m
we note that ( 2m, ) — 1 for large m.
Sl%
3.1.2Bounding L;(m)
From (2.7) we have
Ka(m) pe
Ly(m) = f e A f(x)dedx, (3.2)
Ki(m) Y0
where,
Gx,e)=—logP(X—x|>e)=2P([X—x|<e)=F(x+¢e)—F(x—¢). (3.3)

Then we need good asymptotic estimates for F(x + &) — F(x — €),as € —» 0, By using the Taylor
expansion for the functions F(x + ¢) and F(x — €) we obtain

_2f(0)e 2f " (x)e®  2f®(x)ed

Flx+e)—F(x—¢) 1 3 5!

+ = 2ef (%),

since f™M(x) = 0 forn = 0, 2,4, ... then we obtain G (x, €) > 2ef(x). Hence
Ka(m)

L,(m) < f e 2m O £ (x)dedx
0

Kq(m)

Ka(m) 1 2bl ogn
= f —dx =,

(3.4)
Ky (m) 2m m

where - K; (m) = K,(m) > 0, and K,(m) = 2b1 ogn.

Substituting (3.1) and (3.4) in (2.1), we obtain the upper bound of Ed,, for the logistic distribution.
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T

m
o 1 1 1 2bl
e <o (22| [raw gt ferani )] 2 63
i m 2 m m

3.2Alower Bound for the Logistic Distribution

Appling the method in section 2.2, we have

Edm=f P(d,, > €)de
eF
f jP(d >s|X—x)d£—_xzdx
b(1+eb)
es
f fP(IX—x|>£)mde—_x2
b(1+eb)

dx

=
eb

Zf fP(X<x—e)mde—
—w Jo

ffP(X<z)md27_dex
) b(1+67)

f f —————dxP(X < z)"dz
BN} 1+eb

e? b
= | ———dz=—. (3.6)

f —zym+1
e (1 + eT) mn
Now, we can find an upper bound on the finite sample risk R,,in terms of the expected nearest

neighbor distance for logistic distribution by using the following result:

If, for some w; >0 and0 <y <1 we have [m(x) — m(x)| < w,p(x,xY), for allx,x'€ y, then for
some suitable w > Oindependent of m,

Rm < R+ 0[(Edy)" + (EdZ)], (3.7)
wherew = ma {w,, w?}.

This result is due to Irle and Rizk [6], for which they found an upper bound on the finite sample risk
R,,in terms of the expected nearest neighbor distance. Puttingy = %in (3.7). Hence, from (3.5) we

have
1
2
1 2b1
Rn,<R.+w 4b[< )] [tan1 += 5162ta )] 2 o8n
51-n— m

+ 4b[<51ﬁ_)] [tan—+ Sl(lzta 1)] 2blr:gn (3.8)

302



Rizk; BJIMCS, 6(4): 297-306, 2015, Article no.BJMCS.2015.080

4 Bounds on the Expected Nearest Neighbor Distance for
Laplace’s Distribution

We look at d,, in the case of the Laplace’s distribution with probability density function f(x) =

1xl

1 —_—
ﬁe B,where g > 0,—» <x < =,
4.1 An Upper Bound for the Laplace’s Distribution

Using the method in 2.1, we take - K;(m) = K,(m) > 0, forx € R,t > 0.

4.1.1 Bounding L, (m) and L,(m)

Now, we evaluate ¢(t,x). For x € R,0 < t < 1, we have

o(t,x) = EetX~x| < EetlXl+tix|

)

tlx| 1 ty
=e —e Fe'Vdy
B

w2
A R VR )
_ZﬁU_meB dy+J;e B dy]

etlxl etlxl

26 lA+p) (A-pol A-p2tH)’

Hence fort = — < 1, we obtain
2m B

X
2

Y (ﬁ,x)m < (1_9‘;>m = e% (1 + #)m. Then
4m:

ﬁZ m e x 1 X
Lim) +L,(m) <4 <1+ﬁ> f ez—e Bdx
am* = B2 Jeamy

N

_2( LB N (Y
_[)’<1+4m2—[)’2> 'Lz(m)e B 2/ dx

ﬁz me—Kz(m)(%)
=4<1+4m2 —ﬁ2> Z-p

28
For K,(m) =1 ogn2-5, it follows

4 2z \"™1 1
L(m) + Ly(m) < 2_ﬁ,<1+4mf_ ﬂ2> _ 0(-), “.1)
ﬁz

m
———) —> 1 asm— «,
4m2—,82)

since (1 +
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4.1.2 Bounding L;(m)

From (2.7) we have

Kp(m) e
L;(m) = f e M £ (x)dedx
0

K1(m)
Kp(m) e 1 _x
= ZJ f e m6WE) _— o " Bdedx,
0 0 2p

where G(x,&) = —1o0gP(|]X — x| > €), and f(x) even function. Similarly, as in the previous section

we have F(x +¢) — F(x —¢) = 2¢f(x),a se = 0. Then we obtain G(x, &) = 2¢f (x). Hence

Ka(m) e
Ls(m) SJ f e 2mEf I f(x)dedx
0 0
2p

Ka(m) 1 1 ogn2-#
- [ =
0 2m 2m

’

28
where K,(m) =1 ognz-58,

From (4.1), (4.3), we obtain the upper bound of Ed,, for Laplace distribution in the form:

B \" lognts
)+ 5
+ .

4
<
Ed (1 t o —

" @2-pm

28 28
C; lognz8 (C; 1lognz#h
Ry SRt 2| [24—2800 23, 080 7))
m 2m m 2m

4 gz \™
where, C; = Fm(l +m) . Note that C; dependent on m and(l +

Thus

BZ
4m2—

4.2Alower Bound for the Laplace’s Distribution

Ed,, =f P(d,, > €)de
o e 1 _
=f_mf0 P(dm>e|X=x)d£Ee B dx
*re 1 _=
= PX<x—&Mmde—e Bdx
] o
re 1 =
=f f PX<x—¢&)"de—e Bdx
0_Jo_ /‘1?
Zf f PX <x—&)"de—e Bdx
0 0 ﬁ

o rx 1 =
=f f P(X <z)™dz—e Bdx
o Jo B

(4.2)

(4.3)

4.4)

m
—;;2) - 1l,asm — o,
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= . (4.5)

5 Conclusion

We found upper and lower bounds on the expected nearest neighbor distance for distributions
having unbounded supportsS = (—=,«), and induced lower and upper bounds for logistic and
Laplace distributions, as typical. Then we found the risk of nearest neighbor of their distributions.
Note that, from (3.5),(3.6) and (4.3),(4.5) the lower and upper bounds of the expected nearest
neighbor distance are different in constants, extra term depend onm and very small for large m,
28

and the term 1 ogn and 1 ogn2-# respectively. That is, for the distributions have exponentially
decaying tails there is an additional logarithmic term over the rates for compact support. This
example illustrates that the expected nearest neighbor distance depends on the tails of the
distribution.

Acknowledgements

The author would like to thank the anonymous referees for their useful comments, suggestions
and corrections for improving the paper.

Competing Interests

Author has declared that no competing interests exist.

References

[1] Dasarathy B. Nearest neighbor classification techniques. IEEE, Los Alamitos, CA; 1991.

[2] Cover TM, Hart PE. Nearest neighbor pattern classification. IEEE Transactions on
Information Theory. 1967;13:21-27.

[8] Cover TM. Rates of convergence for nearest neighbor procedures. In Proceedings of the
Hawaii International Conference on Systems Sciences. 1968;413-415. Honolulu, HI.

[4] Kulkarni SR, Posner SE. Rates of convergence of nearest neighbor estimation under
arbitrary sampling. IEEE Transactions on Information Theory. 1995;41:1028-1039.

[6] Evans D, Jones AJ, Schmidt WM. Asymptotic moments of near neighbor distance
distributions. Proc. R. Soc. Lond. A. 2002;458:2839-2849.

[6] Irle A, Rizk M. On the risk of nearest neighbor rules. Dsserationzur Erlangung des
Doktorgrades; 2004.

[7]1 Liitidginen E, Lendasse A, Corona F. A boundary corrected expansion of the moments of
nearest neighbor distributions. Random Structures and Algorithms. 2010;37:223-247.

305



Rizk; BJIMCS, 6(4): 297-306, 2015, Article no.BJMCS.2015.080

[8] Rizk MM, Ateya SF. On lower and upper bounds for the risk in pattern recognition. Applied
Mathematical Sciences. 2013;7:6417-6428.

[9] Devroye L, Gyorfi L, Lugosi G. Probabilistic theory of pattern recognition. Springer-Verlag,
New York; 1996.

[10] Gyorfi L, Kohler M, Krzyzak A, Walk H. A distribution-free theory of nonparametric
regression, Springer-Verlag, New York; 2002.

© 2015 Rizk; This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any medijum,
provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

www.sciencedomain.org/review-history.php ?iid=734&id=6&aid=7675

306



