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Abstract
In the present paper, we extend the results of [1] by applying hypergeometric series. We study local
and global properties, Voronovskaja type asymptotic formula and error estimation for modified Beta
operators. We also derive some other characteristics of these operators.
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1 Introduction
To approximate integrable function on [0,∞), the modified Beta operators given by Gupta and Ahmad
[1] are defined as

Bn(f, x) =

(
n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

pn,k(t)f(t)dt, x ∈ [0,∞) (1.1)

where

bn,k(x) =
(n+ k)!

k!(n− 1)!

xk

(1 + x)n+k+1

*Corresponding author: E-mail: vsrsrsys@gmail.com

www.sciencedomain.org


Maheshwari & Sharma; BJMCS, 6(4), 257-268, 2015; Article no.BJMCS.2015.077

and

pn,k(t) =
(n+ k − 1)!

k!(n− 1)!

tk

(1 + t)n+k
.

It was observed in [1], that by taking the modification of Beta operators defined in (1.1), we can have
better approximation.
Some approximation properties for these operators and other similar type of operators were studied
in [2-12].
Now [13] studied certain Beta type operators in the hypergeometric form and such notations can be
studied in [14]. Some important aspects of approximation theory can be studied in the book written
by [15].
Using Pochhammer symbol (n)k defined as (n)k = n(n+ 1)(n+ 2)(n+ 3)..(n+ k− 1), we can write
operators (1.1) as

Bn(f, x) =

(
n− 1

n

) ∞∑
k=0

(n)(n+ 1)k
k!

xk(1 + x)−1

(1 + x)n+k

∫ ∞
0

(n)k
k!

tk

(1 + t)n+k
f(t)dt

= (n− 1)

∫ ∞
0

f(t)(1 + x)−1

[(1 + x)(1 + t)]n

∞∑
k=0

(n)k(n+ 1)k(xt)k

(k!)2[(1 + x)(1 + t)]k
dt.

Using the hypergeometric series 2F1(a, b; c;x) =
∑∞
k=0

(a)k(b)k
(c)kk!

xk and the equality (1)k = k!, we
have

Bn(f, x) = (n− 1)

∫ ∞
0

f(t)(1 + x)−1

[(1 + x)(1 + t)]n
2F1

(
n, n+ 1; 1;

xt

(1 + x)(1 + t)

)
dt.

Now using 2F1(a, b; c;x) = 2F1(b, a; c;x) and applying Pfaff-Kummer transformation,

2F1(a, b; c;x) = (1− x)−a2F1(a, c− b; c; x

x− 1
),

we have

Bn(f, x) = (n− 1)

∫ ∞
0

f(t)(1 + x)−1

(1 + x+ t)n
2F1(n,−n; 1;

−xt
1 + x+ t

)dt. (1.2)

which is another from of the operator (1.1) in terms of hypergeometric functions. The Stancu type
generalization of Bernstein operators was given in [16].
For 0 ≤ α ≤ β, we propose the Stancu type generalization of modified-Beta operators,

Bn,α,β(f, x) = (n− 1)

∫ ∞
0

f

(
nt+ α

n+ β

)
(1 + x)−1

(1 + x+ t)n
2F1

(
n,−n; 1;

−xt
1 + x+ t

)
dt. (1.3)

As a special case if α = β = 0, the operators (1.3) reduce to modified Beta operators defined in (1.1).
Let us consider

Cγ [0,∞) = {f ∈ C[0,∞) : f(t) = O(tγ), γ > 0}.
The operators Bn,α,β(f, x) are well defined for f ∈ Cγ [0,∞).
Now [17] studied rate of approximation and weighted approximation of modified Beta operators.
[18] introduced some direct results in simultaneous approximation for Baskakov-Durrmeyer-Stancu
operators and [19] obtained a new type of Baskakov- Durrmeyer operators by taking the weight
function of Beta operators. In the present paper, we establish moments of modified Beta Stancu
operators using the technique of hypergeometric series. Next, we study Voronovkaja type asymptotic
formula and an estimation of error in simultaneous approximation for the MBS operators.

2 Moment Estimation and Auxiliary Results
In this section, we establish certain lemmas which will be useful for the proof of our main theorems.
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Lemma 1. For n ∈ N and r > −1, we have

Bn(tr, x) = (n− 1)
Γ(n− r − 1)Γ(r + 1)

Γ(n)
(1 + x)r2F1

(
−n,−r; 1;

x

1 + x

)
. (2.1)

Moreover

Bn(tr, x) =
(n− r − 2)!(n+ r)!

n!(n− 2)!
xr + r2

(n− r − 2)!(n+ r − 1)!

n!(n− 2)!
xr−1 +O(n−2) (2.2)

Proof: Taking f(t) = tr and t = (1 + x)u, by using Pfaff-Kummer transformation in (1.2), we
have

Bn(tr, x) = (n− 1)

∫ ∞
0

(1 + x)rur

[(1 + x)(1 + u)]n

∞∑
k=0

(n)k(−n)k
(k!)2

(−x(1 + x)u)k

[(1 + x)(1 + u)]k
du

= (n− 1)

∞∑
k=0

(n)k(−n)k
(k!)2

(−x)k(1 + x)r−n
∫ ∞
0

ur+k

(1 + u)n+k
du

= (n− 1)

∞∑
k=0

(n)k(−n)k
(k!)2

(−x)k(1 + x)r−nB(r + k + 1, n− r − 1)

= (n− 1)

∞∑
k=0

(n)k(−n)k
(k!)2

(−x)k(1 + x)r−n
Γ(r + k + 1)Γ(n− r − 1)

Γ(n+ k)
.

Again taking Γ(n+ k + 1) = Γ(n+ 1)(n+ 1)k, we get

Bn(tr, x) = (n− 1)

∞∑
k=0

(n)k(−n)k
(k!)2

(−x)k(1 + x)r−n
Γ(r + 1)(r + 1)kΓ(n− r − 1)

Γ(n)(n)k

= (n− 1)(1 + x)r−n
Γ(r + 1)Γ(n− r − 1)

Γ(n)

∞∑
k=0

(−n)k(r + 1)k
(k!)2

(−x)k

= (n− 1)(1 + x)r−n
Γ(r + 1)Γ(n− r − 1)

Γ(n)
2F1(−n, r + 1; 1;−x).

Using Pfaff- Kummer transformation, we get

Bn(tr, x) = (n− 1)(1 + x)r
Γ(r + 1)Γ(n− r − 1)

Γ(n)
2F1

(
−n,−r; 1;

x

x− 1

)
.

Bn(tr, x) = (n− 1)(1 + x)r
r!(n− r − 2)!

(n− 1)!
2F1

(
−r, 1 + n; 1;

x

x− 1

)
.

=
r!(n− r − 2)!

(n− 2!

∞∑
k=o

(−r)k(n+ 1)k
(k!)2

(−x)k

=
(r!)2(n− r − 2)!

n!(n− 2!

∞∑
k=o

(n+ k)!

(r − k)!(k!)2
(x)k

Bn(tr, x) =
(n− r − 2)!(n+ r)!

n!(n− 2)!
xr + r2

(n− r − 2)!(n+ r − 1)!

n!(n− 2)!
xr−1 +O(n−2)
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Lemma 2. For 0 ≤ α ≤ β, we have

Bn,α,β(tr, x) =

xr
nr

(n+ β)r
(n+ r)!(n− r − 2)!

n!(n− 2)!

+xr−1

{
r2

nr

(n+ β)r
(n+ r − 1)!(n− r − 2)!

n!(n− 2)!
+ rα

nr−1

(n+ β)r
(n+ r − 1)!(n− r − 1)!

n!(n− 2)!

}
+xr−2

{
r(r − 1)2α

nr−1

(n+ β)r
(n+ r − 2)!(n− r − 1)!

n!(n− 2)!
+
r(r − 1)α2

2

nr−2

(n+ β)r
(n+ r − 2)!(n− r)!

n!(n− 2)!

}
+O(n−2).

Proof: By using Binomial theorem, the relation between operators (1.2) and (1.3) can be defined
as

Bn,α,β(tr, x) = (n− 1)

∞∑
k=0

bn,k(x)

∫ ∞
0

pn,k(t)

(
nt+ α

n+ β

)r
dt

= (n− 1)
∞∑
k=0

bn,k(x)

∫ ∞
0

pn,k(t)

r∑
j=0

(
r
j

)
(nt)jαr−j

(n+ β)r
dt

=

r∑
j=0

(
r
j

)
njαr−j

(n+ β)r
Bn(tj , x).

Applying this on (2.2), we get the required result.

Lemma 3. [1] For m ∈ N
⋃
{0}, if

Tn,m(x) =
1

n

∞∑
k=0

bn,k(x)

(
k

n+ 1
− x
)m

.

then there exists the following recurrence relation

(n+ 1)Tn,m+1(x) = x(1 + x)[T ′n,m(x) +mTn,m−1(x)].

Consequently,

1. Tn,m(x) are polynomials in x of degree at most m.

2. Tn,m(x) = O(n−[(m+1)/2]), where [α] denotes the integral part of α.

Lemma 4. We define the central moments as

Tn,m(x) = Bn,α,β((t−x)m, x) =

(
n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

pn,k(t)

(
nt+ α

n+ β
− x
)m

dt, m ∈ N{0},

We have the following recurrence relation, for n > m+ 1.

(n−m− 2)

(
n+ β

n

)
Tn,m+1(x) = x(1 + x)[T ′n,m(x) +mTn,m−1(x)]

+

[
(m+ nx+ 1 + x) +

(
n+ β

n

)(
α

n+ β
− x
)

(n− 2m− 2)

]
Tn,m(x)

−
(

α

n+ β
− x
)[

1−
(

α

n+ β
− x
)(

n+ β

n

)]
mTn,m−1(x).
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We can obtain first three moments as Tn,0(x) = 1, Tn,1(x) = x[3n+β(2−n)+n+α(n−2)]
(n+β)(n−2)

,

Tn,2(x) =
x2[2n2(n+ 7)− n2β(7− n) + nβ(nβ − 5β + 18 + 6β2]

(n+ β)2(n− 2)(n− 3)

+
x
[
2n2(n+ 5) + 2n2α(5− 2n)− 2n2β(1 + α) + 2n(5αβ + 3β − 9α)− 12αβ

]
(n+ β)2(n− 2)(n− 3)

+
2n2 + n2α(α+ 2)− nα(5α+ 6) + 6α2

(n+ β)2(n− 2)(n− 3)
.

From the recurrence relation, it is easily verified that for all x ∈ [0,∞), we have

Tn,m(x) = O(n−[(m+1)/2]).

Proof: Tn,0(x) = 1 (by the definition of the operators (1.3)). For the proof of other moments we
follow the recurrence relation. Now we prove the recurrence relation as follows.
Using the identities

x(1 + x)b′n,k(x) = [k − (n+ 1)x]bn,k(x)

t(1 + t)p′n,k(t) = (k − nt)pn,k(t),

We have

x(1+x)T ′n,m(x) =

(
n− 1

n

) ∞∑
k=0

[k−(n+1)x]bn,k(x)

∫ ∞
0

pn,k(t)

(
nt+ α

n+ β
− x
)m

dt−mx(1+x)Tn,m−1(x).

Thus

x(1 + x)[T ′n,m(x) +mTn,m−1(x)]

=

(
n− 1

n

) ∞∑
k=0

(k − nx)bn,k(x)

∫ ∞
0

pn,k(t)

(
nt+ α

n+ β
− x
)m

dt

−
(
n− 1

n

) ∞∑
k=0

xbn,k(x)

∫ ∞
0

pn,k(t)

(
nt+ α

n+ β
− x
)m

dt

=

(
n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

[(k − nt) + n(t− x)]pn,k(t)

(
nt+ α

n+ β
− x
)m

dt− xTn,m(x)

=

(
n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

t(1 + t)p′n,k(t)

(
nt+ α

n+ β
− x
)m

dt

+

(
n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

n(t− x)pn,k(t)

(
nt+ α

n+ β
− x
)m

dt− xTn,m(x).

Now writing

t =

(
n+ β

n

)[
nt+ α

n+ β
− x−

(
α

n+ β
− x
)]

,
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We have

x(1 + x)[T ′n,m(x) +mTn,m−1(x)]

=

(
n+ β

n

)(
n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

p
′
n,k(t)

(
nt+ α

n+ β
− x
)m+1

dt

−
(
n+ β

n

)(
α

n+ β
− x
)(

n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

p
′
n,k(t)

(
nt+ α

n+ β
− x
)m

dt

+

(
n+ β

n

)2

[

(
n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

p
′
n,k(t)

(
nt+ α

n+ β
− x
)m+2

dt

+

(
α

n+ β
− x
)2(

n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

p
′
n,k(t)

(
nt+ α

n+ β
− x
)m

dt

−2

(
α

n+ β
− x
)(

n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

p
′
n,k(t)

(
nt+ α

n+ β
− x
)m+1

dt]

+n

(
n+ β

n

)
Tn,m+1(x)− n

(
α

n+ β
− x
)(

n+ β

n

)
Tn,m(x)

−nxTn,m(x)− xTn,m(x).

Integrating by parts and by simple computation, we get

(n−m− 2)
n+ β

n
Tn,m+1(x) = x(1 + x)[T ′n,m(x) +mTn,m−1(x)]

+

[
(m+ nx+ 1 + x) +

n+ β

n

(
α

n+ β
− x
)

(n− 2m− 2)

]
Tn,m(x)

−
(

α

n+ β
− x
)[

1−
(

α

n+ β
− x
)(

n+ β

n

)]
mTn,m−1(x).

Lemma 5. [11] There exist the polynomials qi,j,r(x) on [0,∞), independent of n and k such that

x(1 + x))r
dr

dxr
bn,k(x) =

∑
2i+j≤r
i,j≥0

(n+ 1)i(k − (n+ 1)x)jqi,j,r(x)bn,k(x).

3 Direct Estimates
In this section, we propose some direct results including asymptotic formula and an error estimation
in simultaneous approximation.
Theorem 1. Let f ∈ Cγ [0,∞) be bounded on every finite sub-interval [0,∞) admitting the derivative
of order (r + 2) at a fixed x ∈ [0,∞). Let f(t) = O(tγ) as t→∞ for some γ > 0, then we have

lim
n→∞

n
(
B

(r)
n,α,β(f, x)− f (r)(x)

)
= r(r+2−β)f (r)(x)+[(1+r+α)+x(2r+3−β)]f (r+1)(x)+x(1+x)f (r+2)(x),

Proof: By Taylor’s expansion of f, we have

f(t) =

r+2∑
i=0

f (i)(x)

i!
(t− x)i + ε(t, x)(t− x)r+2,

where ε(t, x) → 0 as t → x and ε(t, x) = 0((t − x)δ) as t → ∞ for some δ > 0, therefore we can
write,

n[B
(r)
n,α,β(f, x)−f (r)(x)] = n

[
r+2∑
i=0

f (i)(x)

i!
B

(r)
n,α,β((t− x)i, x)− f (r)(x)

]
+nB

(r)
n,α,β(ε(t, x)(t−x)r+2, x) =: E1+E2
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From Lemma 2, we have

E1 = n

r+2∑
i=0

f (i)(x)

i!

i∑
j=r

(
i
j

)
(−x)i−jB

(r)
n,α,β(tj , x)− nf (r)(x) =

f (r)(x)

r!
n
(
B

(r)
n,α,β(tr, x)− r!

)
+
f (r+1)(x)

(r + 1)!
n
{

(r + 1)(−x)B
(r)
n,α,β(tr, x) +B

(r)
n,α,β(tr+1, x)

}
+
f (r+2)(x)

(r + 2)!
n

{
(r + 2)(r + 1)

2
x2B

(r)
n,α,β(tr, x) + (r + 2)(−x)B

(r)
n,α,β(tr+1, x) +B

(r)
n,α,β(tr+2, x)

}

= n

[
nr(n+ r)!(n− r − 2)!

(n+ β)rn!(n− 2)!
− 1

]
f (r)(x) + n

f (r+1)(x)

(r + 1)!
{(r + 1)(−x)

nr(n+ r)!(n− r − 2)!

(n+ β)rn!(n− 2)!
r!

+
nr+1(n+ r + 1)!(n− r − 3)!

(n+ β)r+1n!(n− 2)!
(r + 1)!x+

(r + 1)2nr+1(n+ r)!(n− r − 3)!

(n+ β)r+1n!(n− 2)!
r!

+(r + 1)α
nr(n+ r)!(n− r − 2)!

(n+ β)r+1n!(n− 2)!
r!}+ n

f (r+2)(x)

(r + 2)!
{ (r + 2)(r + 1)

2
x2
nr(n+ r)!(n− r − 2)!

(n+ β)rn!(n− 2)!
r!

−(r + 2)x(
nr+1(n+ r + 1)!(n− r − 3)!

(n+ β)r+1n!(n− 2)!
(r + 1)!x+

(r + 1)2nr+1(n+ r)!(n− r − 3)!

(n+ β)r+1n!(n− 2)!
r!

+(r + 1)α
nr(n+ r)!(n− r − 3)!

(n+ β)r+1n!(n− 2)!
r!) +

nr+2(n+ r + 2)!(n− r − 4)!

(n+ β)r+2n!(n− 2)!

(r + 2)!

2
x2

+
(r + 2)2nr+2(n+ r + 1)!(n− r − 4)!

(n+ β)r+2n!(n− 2)!
(r + 1)!x+ (r + 2)α

nr+1(n+ r + 1)!(n− r − 3)!

(n+ β)r+2n!(n− 2)!
(r + 1)!x

+
(r + 2)(r + 1)2nr+1α(n+ r)!(n− r − 3)!

(n+ β)r+2n!(n− 2)!
r! +

(r + 2)(r + 1)α2nr(n+ r)!(n+ r − 2)!

2(n+ β)r+2n!(n− 2)!
r!}+O(n−2).

The coefficients of f (r)(x), f (r+1)(x), f (r+2)(x) in the above expression are respectively r(r+ 2−β),
(1+r+α)+x(2r+3−β) and x(1+x). Taking the limits as n→∞ and by using induction hypothesis
on r. To complete the proof of the theorem, it will be enough to show that E2 → 0 as n → ∞. To
estimate E2 using Lemma 5, we have

|E2| ≤ (n−1)
∑

2i+j≤r
i,j≥0

(n+1)i
|qi,j,r(x)|
xr(1 + x)r

∞∑
k=0

bn,k(x)|k−(n+1)x|j
∫ ∞
0

pn,k(t)|ε(t, x)|
∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣r+2

dt.

For a given ε > 0, there exist δ > 0 such that |ε(t, x)| < ε whenever |t− x| < δ. For |t− x| ≥ δ, since
ε(t, x) → 0 as t → x, further if λ is any integer λ > max(γ, r + 2), then we find a constant K > 0

such that |ε(t, x)|
∣∣∣nt+αn+β

− x
∣∣∣r+2

≤ K
∣∣∣nt+αn+β

− x
∣∣∣λ . Thus

|E2| ≤ (n− 1)A1

∑
2i+j≤r
i,j≥0

(n+ 1)i+1
∞∑
k=0

bn,k(x)|k − (n+ 1)x|j{
∫
|t−x|<δ

εpn,k(t)

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣r+2

dt

+

∫
|t−x|≥δ

Kpn,k(t)

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣λ dt} =: E3 + E4.
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Now applying Schwarz inequality for the integration and summation, we have

|E3| ≤ (n− 1)εA1

∑
2i+j≤r
i,j≥0

(n+ 1)i+1
∞∑
k=0

bn,k(x)|[k − (n+ 1)x]|j

×
(∫ ∞

0

pn,k(t)dt

) 1
2

(∫ ∞
0

pn,k(t)

(
nt+ α

n+ β
− x
)2r+4

dt

) 1
2

≤ (n− 1)εA1

∑
2i+j≤r
i,j≥0

(n+ 1)i+1

(
∞∑
k=0

bn,k(x)|[k − (n+ 1)x]|2j
) 1

2

×

(
∞∑
k=0

bn,k(x)

∫ ∞
0

pn,k(t)

(
nt+ α

n+ β
− x
)2r+4

dt

) 1
2

.

Using Lemma 3 and Lemma 4, we get

|E3| ≤ (n− 1)εA1

∑
2i+j≤r
i,j≥0

(n+ 1)i+1.O(nj/2).O(n−(r+2)/2) ≤ εO(1).

For arbitrary chosen ε, we follow that E3 = o(1). Now using Schwarz inequality for the integration and
summation, Lemma 3 and Lemma 4, we get

|E4| ≤ (n− 1)A2

∑
2i+j≤r
i,j≥0

(n+ 1)i+1
∞∑
k=0

bn,k(x)|k − (n+ 1)x|j
∫
|t−x|≥δ

pn,k(t)

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣λ dt

≤ (n− 1)A2

∑
2i+j≤r
i,j≥0j

(n+ 1)i+1

(
∞∑
k=0

bn,k(x)(k − (n+ 1)x)2j
)1/2

×

(
∞∑
k=1

bn,k(x)

∫ ∞
o

pn,k(t)

(
nt+ α

n+ β
− x
)2λ

dt

)1/2

= (n− 1)
∑

2i+j≤r
i,j≥0

(n+ 1)i+1.O(nj/2).O(n−λ/2) = O(n(r+2−λ)/2) = o(1).

Hence we get E2 → 0 as n→∞. Combining the estimates of E1 and E2, we get the required results.
This completes the proof of theorem.

Theorem 2. Let f ∈ Cγ [0,∞) for some γ > 0 and r ≤ m ≤ r + 2. If f (m) exist and is continuous on
(a− η, b+ η) ⊂ [0,∞), η > 0, then for n sufficiently large

∥∥∥B(r)
n,α,β(f, x)− f (r)(x)

∥∥∥
c[a,b]

≤ A1n
−1

m∑
i=r

∥∥∥f (i)
∥∥∥
c[a,b]

+A2n
−1/2ω(f (m), n−1/2) +O(n−2),

where A1 A2 are constants which do not depend on f and n and ω(f, δ) is the modulus of continuity
of f on (a− η, b+ η) and ‖.‖c[a,b] being the sup-norm on [a, b].

Proof: Using Taylor’s expansion of f , we have

f(t) =

m∑
i=0

f (i)(x)

i!
(t− x)i +

f (m)(ξ)− f (m)(x)

m!
(t− x)mχ(t) + h(t, x)(1− χ(t)),
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where ξ lies between t and x and χ(t) is the characteristic function on the interval (a− η, b+ η).
Now

B
(r)
n,α,β(f, x)− f (r)(x) =

{
m∑
i=0

f (i)(x)

i!
B

(r)
n,α,β((t− x)i)− f (r)(x)

}

+B
(r)
n,α,β

(
f (m)(ξ)− f (m)(x)

m!
(t− x)mχ(t), x

)
+B

(r)
n,α,β(h(t, x)(1− χ(t)), x) =: J1 + J2 + J3.

By using Lemma 2, we have

J1 =

m∑
i=0

f (i)(x)

i!

i∑
j=0

(
i
j

)
(−x)i−j

dr

dxr
[xj

nj

(n+ β)j
(n+ j)!(n− j − 2)!

n!(n− 2)!

+xj−1(j2
nj

(n+ β)j
(n+ j − 1)!(n− j − 2)!

n!(n− 2)!

+jα
nj−1

(n+ β)j
(n+ j − 1)!(n− j − 1)!

n!(n− 2)!
)

+xj−2{j(j − 1)2α
nj−1

(n+ β)j
(n+ j − 2)!(n− j − 1)!

n!(n− 2)!

+
j(j − 1)α2

2

nj−2

(n+ β)j
(n+ j − 2)!(n− j)!

n!(n− 2)!
}+O(n−2)]− f (r)(x).

Therefore, ‖J1‖c|a,b| ≤ A1n
−1∑m

i=r

∥∥∥f (i)
∥∥∥
c|a,b|

+O(n−2), uniformly on [a, b].

Next, we estimate J2 as

‖J2‖ ≤
(
n− 1

n

) ∞∑
k=0

∣∣brn,k(x)
∣∣ ∫ ∞

0

pn,k(t)

{∣∣∣∣f (m)(ξ)− f (m)(x)

m!

∣∣∣∣ ∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣m χ(t)

}
dt

≤ ω(f (m), δ)

m!

(
n− 1

n

) ∞∑
k=0

∣∣brn,k(x)
∣∣ ∫ ∞

0

pn,k(t)

1 +

∣∣∣nt+αn+β
− x
∣∣∣m

δ

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣m dt

≤ ω(f (m), δ)

m!

(
n− 1

n

) ∞∑
k=0

∣∣brn,k(x)
∣∣ ∫ ∞

0

pn,k(t)

(∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣m + δ−1

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣m+1

)
dt.

Using Schwarz inequality for integration and summation, we get

(
n− 1

n

) ∞∑
k=0

bn,k(x)|k − (n+ 1)x|j
∫ ∞
0

pn,k(t)

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣m dt

≤
(
n− 1

n

) ∞∑
k=0

bn,k(x)|k − (n+ 1)x|j
(∫ ∞

0

pn,k(t)dt

)1/2
(∫ ∞

0

pn,k(t)

(
nt+ α

n+ β
− x
)2m

dt

)1/2

≤ (n+ 1)j
(

1

n

∞∑
k=0

bn,k(x)| k

n+ 1
− x|2j

)1/2((
n− 1

n

) ∞∑
k=0

bn,k(x)

∫ ∞
0

pn,k(t)

(
nt+ α

n+ β
− x
)2m

dt

)1/2

= O(nj/2).O(n−m/2) = O(n(j−m)/2), (3.1)
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uniformly on [a, b].
Therefore by Lemma 5 and (3.1), we get(

n− 1

n

) ∞∑
k=0

|bn,k(x)|
∫ ∞
0

pn,k(t)

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣m dt

≤
(
n− 1

n

) ∞∑
k=0

∑
2i+j≤r
i,j≥0

(n+ 1)i|k − (n+ 1)x|j |qi,j,r(x)|
xr(1 + x)r

bn,k(x)

∫ ∞
0

pn,k(t)

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣m dt

≤

 sup
2i+j≤r
i,j≥0

|qi,j,r(x)|
xr(1 + x)r

(n− 1

n

) ∑
2i+j≤r
i,j≥0

(n+ 1)i
(
∞∑
k=0

bn,k(x)|k − (n+ 1)x|j
∫ ∞
0

pn,k(t)

∣∣∣∣nt+ α

n+ β
− x
∣∣∣∣m dt

)

= M
∑

2i+j≤r
i,j≥0

(n+ 1)iO(n(j−m)/2) = O(n(r−m)/2). (3.2)

uniformly on [a, b], where

M = sup
2i+j≤r
i,j≥0

sup
x∈|a,b|

|qi,j,r(x)|
xr(1 + x)r

.

Choosing δ = n−1/2 and applying (3.2), we obtain.

‖J2‖c[a,b] ≤ ω(f (m), n−1/2)

m!

∑
2i+j≤r
i,j≥0

(n+ 1)i[O(n(j−m)/2) + n−1/2O(n(r−m−1)/2] +O(n−m)

≤M2n
−(r−m)/2ω(f (m), n−1/2).

For t ∈ [0,∞)\(a− η, b+ η), we can choose δ such that |t− x| ≥ δ for all x ∈ [a, b]. Thus by Lemma
5, we get

|J3| ≤M
∑

2i+j≤r
i,j≥0

(n+ 1)ibn,k(x)|k − (n+ 1)x|j
∫ ∞
0

pn,k(t)|h(t, x)|.

For |t − x| ≥ δ, we can find a constant K such that |h(t, x)| ≤ K|nt+α
n+β

− x|β , where β is an integer
≥ max(γ,m). Hence applying the Schwarz inequality for both integration and summation, Lemma 3
and Lemma 4, it is easy to show that J3 = O(n−s) for any s > 0, uniformly on [a, b]. Combining the
estimates of J1, J2, J3, we get the required result.

4 Conclusions
The modification of operators plays an important role in approximation theory to obtain better approx-
imation. In this paper, we extend the study of linear positive operators by applying hypergeometric
series.
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