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ABSTRACT

In this paper, we introduce a new method of construction called H-super subdivision of graphs
and prove that the H-super subdivision of Y-tree Y,,+1 (n > 2) is graceful and there by answering
the open question posed in 2009 by Arumugam and others [1]. Also we prove that the H-super
subdivision of Y-tree is odd and even graceful.

Keywords: H-super subdivision; Y -tree; graceful; odd graceful; even graceful.

1 INTRODUCTION an injection from the vertices of G to the set

{0,1,2...,q} such that when each edge zy is
The most interesting area of research in graph assigned the label |f(z) — f(y)|, the resulting
theory is graph labeling. It was introduced by edges are {1,2,...,q} which are distinct. Later
Rosa in 1967 [2]. Rosa called a function f, a on this g-valuation was renamed as graceful
B-valuation of a graph G with ¢ edges if f is labeling by Golomb [3]. The concept of odd
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graceful labeling was introduced by Gnanajothi
[4] and it is defined as an injection f : V(G) —
{0,1,2,...,2q—1} such that when each edge zy
is assigned a label |f(z) — f(y)|, the resulting
edge labels are {1,3,5,...,2¢ — 1}. A graph
which admits an odd graceful labeling is called
an odd graceful graph. The even graceful
labeling is defined as an injection f : V(G) —
{0,1,2,...,2q} such that, when each edge zy
is assigned a label |f(z) — f(y)|, the resulting
edge labels are {2,4,6,...,2q}. A graph which
admits an even graceful labeling is called an even
graceful graph [5].

Sethuraman and Selvaraju [6] have introduced
the concept of super subdivision of graphs. A
graph G’ is said to be super subdivision of G if
G' is obtained from G by replacing each edge e;
by a complete bipartite graph K5 ., for some m
in such a way that the ends of e; are merged
with the two vertices of the 2-vertices part of
K., after removing the edge e; from G. They
proved that arbitrary super subdivision of paths
and cycles are graceful [6]. They conjuctured
that “Are there any graphs different from paths
whose arbitrary super subdivision are gracedul?”
Barrientos proved this conjecture by proving that
every Y-tree is graceful [7]. A Y-tree Y,
(n > 2) is a graph obtained from the path P,
by appending an edge to a vertex of the path P,
adjacent to an end vertex [8]. It is proved that
arbitrary super subdivision of stars, grid graphs
and cyclic snakes are graceful [9, 10]. In [1],
Arumugam et al. proposed the open problem
that “Are there graphs apart from K, ,, which
can be used for edge replacement in defining
the super subdivision that will admit graceful
labeling or a-valuation?”. In this paper we
answer his question by introducing a new method
of construction called H-super subdivision of

V(HSS(Ynt+1)) = {{u, vpuM v,u?

(1)
U{v; U V(i) YV

and

E(HSS(Yn+1)) = E1 U E; where

(2) (1) (2)
i(i+1) Jwo Jwo

graphs and prove that H-super subdivision of
Y-tree admits graceful labeling. Also we prove
that the H-super subdivision of Y-tree is odd
and even graceful. Here we consider simple
finite, connected and undirected graphs. For
all terminologies and notations one may refer to
Harary [11] and for graph labeling as in [8].

2 MAIN RESULTS

Definition 2.1. The H-graph is a tree on 6
vertices in which exactly two vertices of degree
3. we consider a H-graph obtained by adding an
edge between even degree vertices of two paths
P, and P; each of length two.

We now introduce the H-supersubdivision of a
graph in the following definition.

Definition 2.2. Let G be a (p,q) graph. A
graph obtained from G by replacing each edge
e; by a H-graph in such a way that the ends
of e; are merged with a pendent vertex in P,
and a pendent vertex in P; is called H-super
subdivision of G and it is denoted by HSS(G).
Thus HSS(G) has p + 4q vertices and 5q edges.

Structure of HSS(Yn+1)

Let Y,.+1 be a Y-tree (n > 2) with n + 2
vertices and n + 1 edges. Let the vertices of
Yn+1 be V1,V2,...,Un+1,U. The HSS(YTH_l) is
constructed from Y,,+1 by replacing each edge by
the H-graph.

The vertex and edge sets of HSS(Y,+1) are as
follows

’LL’U,<11> ’ uv7(12)7 U’ﬂ“rl}

Gy YVl S0 < ”}}

Br = {vn(wau), (0auM) (0au®), (0pu®) (w0l), (wol) (uv), (wol?) ()},
)

(1) (2) (1) (1) (1)

— [
By = {0iv;( 1), Vi(i) Vigir1)r Vigi+1) Uit 1yi Vi)

U(2

1 .
(i+1)i’ v(i+1)iv(i+1)‘1 <i<n}

Clearly this HSS(Y,+1) has 5n + 6 vertices and 5n + 5 edges.
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Example 2.1.

Algorithm 2.1.

(2)
U3g

(2)
43

HSS (Y1)

Procedure: Graceful labeling of HSS(Yn+1),

n>2

Input: HSS( Y, +1) graph

V + {u, uvn ,uvf)

@

onu, vpu®,

)
Vi1, Uiy U i(i+1)? z(z+1)’

M)
(1+1)7,7 (’L+1)Z

1 <i<n}

/I assignment of labels to the vertices //

fori =1tondo

{
if i =0 (mod 2) do
v; <—5(n— %) + 8;
(1) 5i—4.
e
’Ug_;_l)l «~5 ((n—|— 1) — %) +1;
Ué(Qi)+1) - 55((271 +1) - %) +2;
V(i) T
}
else
{ .
v o5 (35h);
(1) i—1) .
Vi(ir1) <—5((n+1) _ - )))
(1) i—1.
e
5i—3.
vi(;)ﬂ) — 53, o
i—1
uﬂﬁe50n+mf 2)
}
end if
}

(2)

p)
Vg5 2

Usq Usg

end for

if n =0 (mod 2) do
U — 5n+2

(1)

uv,(f) —

vpu

5n+10.
2 3
5n+4
2
5n+6
Un, u(2) 5n+8!
Un+1 < on.
else
U —

uvfll)

e

5n+1

<_ 5n+9 .

)

2
5n+3.

3
5n+5.
)

Sn+7.
;

vnu“) —
vpu®
Unit1 < @ + 8;

end if

end procedure

Output: The vertex labaled HSS(Yn+1)-

Theorem 2.1. The H -super subdivision of Y -tree
is graceful.

Proof. Let HSS(Yn.4+1) be the H-super
subdivision of a Y-tree Y,,+1 which has 5n + 6
vertices and 5n + 5 edges as given in the above
structure. Label the vertices of HSS(Y.+1) by
defining a function f : V — {0,1,2,...,5n + 5}
as given in the algorithm 2.1. Clearly the vertices
of HSS(Y,+1) have distinct labels. Define an
induced function f* : E — {1,2,...,5n + 5} as
f*(uv) = |f(u) — f(v)]| for every u,v € V. Using
this induced function the edge labels of F; are
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calculated as follows: f*((uvy(ll))(uvf))) =3

F (o yu) = 4
For all n, The edge labels of E; are calculated as follows:
F*(n(vauM)) =5 For1<i<mn

F((nuM) (vpu®)) = 1
£ (vpuM) (o)) =2

Case (i): : = 0 (mod 2)
£l ) = 1) = Fl),0) =150 — i+ 2)]

w, (1 2 1 2 .

f (U'E(i)+1)v§(i)+1)) = |f(v§(i)+l)) - f(vg(i)+l))| =[5(i —n) -9
* 0 (1) (1) _ (1) (1) _ :

f (Ui(i+1)v(i+1),') - |f(Ui(i+1)) - f(U(i+1)i)| - |5(l - n) - 8|
x (1 2 1 2 .

Fr @Gl = iy = FEil)) = 15 — i) + 7]

Fr i) = 1F @) = F(oasn)] = [5(n — i) + 6]
Case (ii): : = 1 (mod 2)
£l = 1) = Fl ) =150 —n —2)|

w, (1 2 1 2 .

f (U'E(i)+1)v§(i>+l)) = |f(v'§(i)+1)) - f(vf(i)+1>)| = [5(n — 1) + 9
w, (1 1 1 1 .

POl ayrin) = F0) = FEi )] = 500 — i) + 8]
w0 (1) (2) _ (1) (2) _ :

f (U(i+1)iv(i+1),‘) - |f(’U(i+1)i) - f(U(i+1)i)| - |5(l - n) - 7|

P Wl ve) = @) = )| = 156 —n) =6
Thus the edges of HSS(Y»+1) have distinct labels. Hence HSS(Y.+1) is graceful. O
Example 2.2. Graceful labeling of H-super subdivision of Vs 1.
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Proposition 2.1. The H -super subdivision of path graphs is graceful.

Proof. Since HSS(P,) is a caterpillar, it is graceful. O

3 ODD AND EVEN GRACEFUL LABELINGS OF HSS(Y,+1)

Algorithm 3.1
Procedure: Odd graceful labeling of HSS(Yyn+1)
Input: HSS(Y,+1) graph
"o {U,g?w,uz%),vnu(l), ont®, vnsa} U, v§<1i)+1>’”£(2i)+1)’
V(g Virny/ 1 S i< n}
// assignment of labels to the vertices //
fori=1tondo
{
if i =0 (mod 2)

v; < 5(2n — i+ 3);

Vi) 5= 4
“52n—i+2)+3;

—5@2n—i+2)+1,;

¢ 51— 2;

end for

if n =0 (mod 2)

{
Un+t1 < oM,
u < 5n + 2;
uv,(zl) —bin+9;
uvff) — bn +4;
vnu(l) +— 5n + 6;
vau® — Bn 4 T;

}

else

{
Unt1 < 5(n+2);
u < Hn + 8;
uvg) +—5bn+1;

uv,(f) < 5n + 6;



Esakkiammal et al.; BJAST, 17(5), 1-10, 2016; Article no.BJAST.29082

vnu(l) <+~ 5n + 4;
vau® — Bn + 3;
}
end if
end procedure
Output: The vertex labeled HSS(Y,+1)

Theorem 3.1. The H -super subdivision of Y -tree is odd graceful.

Proof. Let HSS(Y,+1) be the H-super subdivision of a Y-tree Y,,+1 which has 5n + 6 vertices and
5n + 5 edges.

Label the vertices of HSS(Ynt1) by defining an injective function
f:V —={0,1,2,...,2¢ — 1} as given in the algorithm 3.1. Clearly the vertices of HSS(Y,+1) have
distinct labels. Deflne an induced function f* : E — {1,3,...,2¢ — 1} as

f*(ww) = |f(u) — f(v)] for every u,v € V. Using this induced function the edge Iabels of E; are
calculated as follows.

For all n,

The edge labels of E; are calculated as follows.
For1<i<mn,

Case (i): ¢ =0 (mod 2)

I SEBH))) = [10(n — ) + 19]

z(z+1) 1<1+1))) = [10(i — n) — 17|

z((lz)+1) ((113—1)1)) = [|10(i — n) — 15|

£l
frw
F i) = 110(n — i) + 13|
s

*

(z+1)L (z+1)z
Vil vit) = [10(n — i) + 11|

*

Case (ii): i =1 (mod 2)

P i) = 110G = ) — 19|

f*(uf(li)+1)v£(2¢)+1 )) ‘10('” - Z) + 17|

Py v(ita) = [10(n — i) + 15]

Pl )) = (100 —n) — 13|

J* (i hayivi1) = 10 = n) = 11]

Thus the edges of HSS(Y»+1) have distinct odd labels.

Hence HSS(Yn+1) is odd graceful. O

Example 3.1. Odd graceful labeling of H -super subdivision of Ys1.
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Algorithm 3.2
Procedure: Even graceful labeling of HSS(Y.+1) graph

Input: HSS(Y.+1) graph

V + {u, uvﬁl),uvg), vnuM, vu®

(1) (2) ;
V(i1 Viignye/ L S < n}

/I assignment of labels to the vertices //

fori=1tondo

1) (2)
s Unt1} U {vi, Viti+1)2 Yii+1)

{
if i =0 (mod 2)
v <= 5(2n —1i+3) +1;
1) o
Vitip1) 51 — 4;
2 : .
vg(f;“) —5(2n—i+3) -1
vgz‘;)rl)i —5(2n—i+42)+2;
Vit & 51 — 2;
}
else
{
v; < 5(i — 1);
1 : .
UZE(Q%H) —5(2n —i+3);
Vi(it1) +— 51— 3;
’Uéillm —5i—1;
vy 520 —i+2) +3;
}
end if
}
end for
if n =0 (mod 2)
{
Un+1 < 5ns
u <+ 5(n+2);

uv%l) — bn + 2;

uv,(f) < 5n + 8§;
vnu® < 5n + 6;
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vnu@) <+~ 5n + 4;

}

else

{
Un41 5(n =+ 2) +1;
u <+ bn+1;
uv%l) — bn+9;

wol)  5n + 3;

vnu(l) — bn+5;
vnu(Q) — dn+ 7,

}

end if

end procedure
Output: The vertex labeled HSS(Yn11)

Theorem 3.2. The H-super subdivision of Y -tree is even graceful.

Proof. Let HSS(Y,+1) be the H-super subdivision of a Y-tree Y, 11 which has 5n + 6 vertices and
5n + 5 edges.

Label the vertices of HSS(Ynt1) by defining an injective function
f:V —={0,1,2,...,2q} as given in the algorithm 3.2.

Clearly the vertices of HSS(Y»+1) have distinct labels.

Define an induced function fr : E — {2,4,...,2q} as
F (uwv) = |f(u) — f(v)| for every u,v € V.

Using this induced function the edge labels of E; are calculated as follows.
For all n,
Un (Un u®)) = 10

Un (1))(1} u(2)

The edge labels of E5 are calculated as follows.

For1 <i<mn,

Case (i): : = 0 (mod 2)

I @ivy)) = 110(n i+ 2)]
fr(v 2((12)+1) 1((21)+1))) = [10(i — n) — 18|
C 5&1 éiim)) = 110(i = n) — 16]

*( (z+1)’b <1+1)z)) = [10(n — i) + 14|
(v (z+1)1v7+1) [10(n — @) + 12|
Case (ii): =1 (mod 2)
I @ivy))) = 110G = n = 2)]

1 2 .
Py vl ) = [10(n — i) + 18|
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* 1 1 .

f (Ug(z')ﬂ)”((w)rln)) = [10(n — 4) + 16|
* 1 2 .

f (Uéill)iv((ﬂ)rl)i)) = [10(i — n) — 14|
w1 .

I (W) vie1) = 100 = n) — 12

Thus the edges of HSS(Y.+1) have distinct even labels.

Hence HSS(Yn+1) is even graceful.

Example 3.2. Even graceful labeling of H -super subdivision of Ys 1.

4 CONCLUSION

We defined H-super subdivision of a graph and
proved that H-super subdivision Y-tree admits
graceful, odd and even graceful labelings.
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