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In this paper, we define the notation of admissible hybrid Z-contractions in the setting of extended b-metric spaces, which unifies
and generalizes previously existing results in literature. Furthermore, as an application, we discuss Ulam-Hyers stability and well-

posedness of a fixed point problem.

1. Introduction

The source of metric fixed point theory is considered to be
the Banach Contraction Principle which is a very impor-
tant mechanism for finding the existence and solutions
for many problems including differential and integral
equations. Afterwards, numerous papers on generalizations
and extensions of the Banach’s theorem for both single-
valued and multivalued mappings have been published,
either by changing the contraction conditions or by chang-
ing the structure of metric space to more generalized form,
e.g., see [1] and all the references therein.

The concept of a b-metric space was accomplished by
the works of Bourbaki [2], Bakhtin [3], and Czerwik [4].
Subsequently, several articles have appeared in literature
which dealt with the fixed point theorems by taking into
account more general forms, of a metric spaces, i.e., b-met-
ric space, see [5], and the applications of relaxed triangular
inequalities, like NEM (nonlinear elastic matching), ice floes,

etc., were also utilized in various directions [6, 7]. Following
the idea of b-metric spaces, a number of authors have pre-
sented several results in this direction, see [8, 9]. To have
some insight about miscellaneous generalizations of a met-
ric, we refer the readers to [10-15] for some works on b
-metric spaces.

In 2017, Kamran et al.[16] generalized the structure ofa b
-metric space and referred it as an extended b-metric space.
He weakened the triangle inequality of a metric and estab-
lished fixed point results for a class of contractions. Thereaf-
ter, many researchers have studied and generalized fixed
point results for single and multivalued mappings. Proving
extensions of the Banach contraction principle from metric
spaces to b-metric spaces and hence to extended b-metric
spaces is useful to prove existence and uniqueness theorems
for different types of integral and differential equations.
Keeping the length of paper concise, we refer to [17-35]
and to references mentioned therein. For more topological
properties of extended b-metric spaces, see [20].
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The main purpose of this paper is to merge different lin-
ear and nonlinear results existing in literature in setup of an
extended b-metric space, which is a real generalization of a
b-metric and a standard metric space. We express our results
in a more refined form by combining the notations, like
admissible mappings, simulation functions, and hybrid con-
tractions. We will prove fixed point results involving a certain
type of mappings. The obtained results generalize [36].
Moreover, we prove Ulam-Hyers stability [37-39] and well-
posedness of fixed point problems as well.

2. Preliminaries

In this section, we recollect some definitions and results from
literature along with some examples.

Definition 1 [40]. Let & be a nonempty set and 6 : X' x X
—> [1,00). A function dy : T x X —> [0,00) is called an
extended b-metric, if it satisfies the following properties for
ally,p,ve:

(dgl) do(p,v) =0=p=v

(dg2) do(p,v) = dy(v, )

(dg3) dg(py) < 0(p, y)[do(p> v) + dg (v, y)]

The pair (X, dy) is called an extended b-metric space.

Example 1. Let £ =[0,1] and 0 : ¥ x & — [1,00) defined
by O(u,v)=(1+u+v)/(u+v). Define dy: ' x L — [0,
00) as

dg(u,v) =1/uv for u,v e (0,1, u#v

dg(u,v) =0 for y,ve[0,1],u=v

dg(u,0) =dy(0, u) = 1/pv for p € (0, 1]

Note that (2, dg) is an extended b-metric space.

Example 2. Let £ ={1,2,3}, 0: ' x X — [1,00), and dy
: X x L — [0,00) as

0(u,v) =1+ p+ v such that

dg(1,1)= dy(2,2) = dy(3,3) =0

dg(1,2) = dy(2,1) =70

dg(1,3) = dy(3,1) =90

dy(2,3) = dy(3,2) =20

Here, d, is an extended b-metric on .

Note that the extended b-metric space becomes a b
-metric space, whenever 0(p, v) =8, where § > 1 and a stan-
dard metric space for§ = 1.

Definition 2 [16]. Let (X, dg) be an extended b-metric space.
The sequence {y,} in & is termed as follows:

(i) Cauchyifand onlyif dy(u,, u,,) — 0asn, m — oo

(ii) Convergent if and only if there exists ye 2 such
that dg(p,,4) — 0 asn—> 00 and we write

lim, . u,=u

Note that the extended b-metric space (X, dp) is com-
plete if every Cauchy sequence is convergent.

Advances in Mathematical Physics

The b-metric is not continuous in general and so the
same for an extended b-metric. We define the concept of f
-orbital continuity (in case of an extended b-metric space)
as used in [41].

Definition 3 [42]. Given a mapping f : DX — X. Sup-
pose that there exists some p, € 2 such that O(y,) = {u,, f
thoo ftg> -} € D. The set O(y,) is called the orbit of y, €
D. A self-mapping f : £ — & is called orbitally continuous
if nllnoof”(n) =1 for some # € 2 implies that

lim,, _oof (f" (1)) = £ (1) (1)

Moreover, if every Cauchy sequence of the form {f" (1)}
as n— 00, € X converges in (2, dy), then an extended b
-metric space (X, dy) is called f-orbitally complete.

Definition 4 [40]. Let (', dg) be an extended b-metric space.
A function ¢ : R* — R" is called an extended b-compari-
son function if it is increasing and also there exists a mapping
f:D9cX — X such that for some y, €D, O(u,) CD,

0" (O)T,0(ps» pt,,,) converges for each v € R* and for
every m € N. Here, y, = f"p, for n=0, 1,2, ---. We say that
¢ is an extended b-comparison function for f at y, and
denotes the collection of all extended b -comparison func-
tions by .

Example 3 [40]. Let (2, dy) be an extended b-metric space
and f be a self mapping on 2. Assume that lim,,,, _  0(y,
, 1,,) exists. Define ¢ : [0,00) — [0,00) such that ¢(v) = Av
, with lim, . 0(u,, u,,) < 1/A. Then, the series, Y2 ¢"
(V)]15,0(u; ,,) converges by ratio test.

Here, A€ [0,1) and p, = f"y, forn=1,2, ---.

The notation of a-admissible mappings also played a vital
role in fixed point theory, see [43, 44].

Definition 5 [36]. Let o : & x & — [0,00) be a mapping. A
function f : £ — & is a-orbital admissible if a(y, fu) >
La(fu f2u) > 1.

An a-orbital admissible, mapping f is called triangular «
-orbital admissible, if a(y, v) > 1 and a(v, fv) = la(y, fv) >
1forally,veX.

Example 4. Let £ ={0,1,2,3} and f : £ — & such that f
0=0 and fl1=f2=f3=1. Consider a: X x L — [0,00)
given as a(1,2) =a(2,1) =a(1,3) =a(3,1) =a(1,1) =1 and
0 otherwise. Clearly, f is a-orbital admissible.

Definition 6 [45]. A mapping ( : [0,00) % [0,00) — R satis-
tying the following conditions

(€1) {(t,s) <s—t forallt,s>0

(C2) If (t,),cno> (Su) e are the sequences in (0, o) such

that
t, =lim s, > 0. Then, limsup, ,_ ((¢,,s,)

llml’l*?()o n n—oo ' n
< 0 is termed as a simulation function
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Let Z represents the set of all simulation functions
defined above.

The main idea of the simulation function is very useful
and effective. For a self-mapping I on a metric space, the
contraction d(J u, Tv) <xd(p,v) can be represented as 0
<kd(p,v)—d(Tu, Tv)=C(d(w,v),d(Tu, Tv)), where «
€[0,1) and { : [0,00) X [0,00) — R. By letting d(y,v) =s
and d(T u, Tv) =t, the corresponding simulation function
for Banach’s fixed point theorem is {(¢,s) = ks — t. It is clear
that for many other well-known results (Geraghty, Boyd-
Wong, etc.), one can find a corresponding simulation func-
tion, see [36, 46-51]. In other words, a simulation function
can be considered as a generator of different contraction type
inequalities.

Definition 7. A self-mapping f, defined on a metric space
(Z,d), is called a Z-contraction with respect to { € Z, if it
satisfies

C(d(fu.fv),d(p,v)) =0forally,ve X. (2)

Every Z-contraction defined on a complete metric space
has a 0 fixed point, as described in [46]. A Z-contraction
generalizes the Banach contraction principle by assuming y
€[0,1) and {(t,s) =ys—t for all s,t € [0,00). It also unifies
several known type of contractions. Many authors have
extended their work on Z-contractions in order to prove a
more generalized version (see [47]).

The notion of admissible hybrid contractions is intro-
duced [36, 46, 48-50] in order to generalize and unify the
several existing fixed point results in the literature. The main
goal of this paper is to investigate the existence and unique-
ness of a fixed point of admissible hybrid Z-contractions in
the context of an extended b-metric space. We shall also list
some existing results in the literature as corollaries and con-
sequences of our main results. Consequently, the results in
the class of b-metric spaces and standard metric spaces
become a special case of our obtained results.

3. Main Results

Definition 8. Let (2, dy) be an extended b-metric space. A
self-mapping f is called an admissible hybrid contraction if
there exist an extended b-comparison function v : [0,00)
— [0,00) € P, and a : X x L —> [0,00) such that

(s V)do(f 1 V) < ¥ (P v) ), (3)
wherer>0and A, >0,i=1,2,3,4,5with > A, =1,and

. [@(u,v)]"'", forr>0andy,ved,
P v) = (4)
R4, v), forr=0andy,veX,

where

Q(p,v) = Aydy (1, v) + Ay (s f 1) + Asdlyg (v, fv) + A4
_ (de("’f")(l + de(%f!f‘)))’
L+dp(u,v)

do(v, f0) (1 + do(at fY))\
”5( U+ gl v) )

(5)

and

(s v) = dy' (1 v) - dy? (s f11) - dg’ (v, fV)
_ (de<v,fv><1 + de(%f#))) h

1+dg(p,v) (6)

, (de(%f") + de(v,fﬂ))AS
20(p. fv) '

Definition 9. Let (X, dy) be an extended b-metric space. A
self-mapping f is said to be an admissible hybrid Z-con-
traction, if there exist an extended b-comparison function
yveV,a: L'xL —[0,00),and { € Z such that

(@t v)dalf fV) 9 (P 7)) 2 0¥ v el (7)

Further, we discuss the existence and uniqueness of a fixed
point of an admissible hybrid Z-contraction mapping.

Note that we assume that dy is continuous and
lim,, , ,0(4,» #,) < 0o, throughout Section 3 and Section 4.
Theorem 10. Let (2, dy) be an extended b-metric space. Let
f & — X be an admissible hybrid Z-contraction, which
satisfies the following axioms:

(i) The function f is triangular a-orbital admissible
(ii) There exists p, € X such that a(p,, fu,) > 1
(iii) Either f is continuous or

(iv) {2 i)s continuous and a(y, fu) > 1 for any y € Fixp
X

Then, f possesses a fixed point.

Proof. Let u, € X be any arbitrary point. We start from p,
and iteratively, we construct a sequence (,), Such that
u, =f"u, for all n € N. Suppose that there exists some m €
N such that fu,, =u, ., = u,, we find that y, is a fixed point
of f, and in this way, the proof is completed. Thus, we can
assume that y, # y,_, for any n € N. By condition (i), as f
is an admissible hybrid Z-contraction, so by assuming y =
#,_, and v =y in equation (3), we have

0= (1ot )do bty 1) ¥ (P50 101,) ) )

(8)
<Y (P ttyorstt) = (@t ) do(fttrs 1)



which gives,

a(pty 1o ) o (1 F1t) <V (Pt 100)) - (9)

By condition (ii), as f is triangular a-orbital admissible
and a(y, ;,p4,) =1, s0

At t11) < (b1 8,) o (1, f18,) <9 (P (0, 0018,) )

(10)
O

Case 1. Consider r > 0 so that

‘@}(Mnfl’tura
= P‘ldg(.“nfv ) + Aady(ph, 1 fi, 1)

+ A3‘;16(nl'ln’fnl’ln)

d > n d n—1> n—1 r
+)L4( olttn I l(;e@:(ﬁmf” )))

ot fit, ) (1+ dglpt, o fr, )\
+A5< } 1+d0(aun—19’#n) > :|

= [Ald;(!’lnfl’ ) + Aoy (15 ) + Asdy (s )

d, > Py d n—1> 'n ’
+/\4( o(, !;;(32@1;?2) “ )))

dg (tsttn) (1+dg (15t 11))
Trdg (15t

(et

= [Ald;(lunfl’ Aun) + /\ng(ﬂnfl’ n"ln)
+A3dg(‘l/ln, Aun+1) + A4(d9(”n’ lun+1))r}

= [(A + ) dy (o ) + A+ (Ag)dg(ph, !"n+1)}1/r-
(11)

1/r

From equation (10),

o (1 ) < @ty ) (Pl F18,) <V (Pt 18,))
=[O0+ 22)dp (B 4,) + (s + A)dp ()] )

(12)

Suppose dg(u,,_1» ,) < dg(ph,» 4,,,1)- As Y is an increas-
ing function, so above inequality can be written as

d@(#nﬂ’ ‘l/ln) < (x(#n—l’ Aun)dﬂ(fnun—l’f”n)
<y ([O4 + A2)dp (B t8,) + (s + A )14, )]"")
< W([(Al + A+ Ay + Ay)dp (i, /"n+1)]1/r)

=y ([0 + 20+ A5 4 M) g4 1,01))-
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Asy(t) <t so

Ao (pyars tt,) <[(Ay + Ay + Ay + A)]dp(pho h,,0)- - (14)

Since A, + A, + A5 + A, <1, we get

d@(lunJrl’ [’ln) < [(Al + A2 + A3 + )‘4)]1/rd9(lun’ A"ln+l) < d@(”n’ nun+l)’
(15)

which is a contradiction. Thus, for every n € N, dg(¢,, 4,,,)
<dg(u,_,> p,,)> and thus equation (10) becomes

(I + )10 1)+ (s + M)yt )]

14
v (I + A0+ ds 4 4] ot 1ot8,))
v

(de(nun—l’ :"‘n))lljz(de(tun—Z’ Mn—l))
e <y (dg(pg )

de(.“w Mn+1) <
<

INIA

Let m > n, by triangular inequality, we have

do(thy> ) < Ot 1) Ao (s o)

+ O(tys )0 (15 ) Ao (Bt sn) + 00 +0
(o )0 (Wi )0 (B ) -+ O
(Mo )0 (Bt M) Ao (1> )

<Oty 1) V" (do(pho 111)) + 0t )6
(> )W (dg (o 1))+ 40> 1,,)0
(Bars )0 (B ) =+ O(fy» 1,0
(Mo l‘m)‘/’mil (do(Ho> 1))

SO(pys ) )O(Hps thy) =+ O(y_1> 1) 0t 1, )V
“(do(poy 1)) +O(thy> 1,,)0(11r> 1) -+ 0
(s )0 (1 ) W™ (g (g 1)) 4740
(W )05 ) =+ Oty )0 (Hhpi> M) -+ O
(> b )0 (B> W™ (g (g5 1)) -

(17)

Since y is an extended b-comparison function, the series
o n

Y " dg(pg ) [T Ot ) (18)
n=1 x=1

is convergent for every m € N.
Denote & =32 y"dy(pg, ;)] [ 1,04, ,,) and S, =

27=1Wjd6 (o> )T Lt 010 1,,)-
Thus, for m > n, the above inequality becomes

d@(/’ln’ Mm) < [Sm—l - OS)n] (19)

Letting n, m — 00, we get

dG(nun’num) —0, (20)
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which implies that (u,), ., is a Cauchy sequence in a com-
plete extended b-metric space. Therefore, it is convergent,
so there exists y' € N such that

lim d, (un,u') =0. (21)

Now, we prove that i’ is a fixed point of f. By condition
(iii), if f is continuous, we have

do (', fu') = lim do(p,, fit,) = 1im do(th, 1) =

u=fu.
(22)

Therefore, u' is a fixed point of f. Now, consider that > is
continuous. It follows that f*u'=lim, fu, =u'. We

shall now prove that fu' = u'. Contrarily, suppose that, fu'
# u', from equation (3)

0<¢(a(fu'u')d(Fu'sfu') v (25 (Fu 1)) ) )
=y (P (fu'u')) ~a( ' )do (20" S0 )
It implies that

dy (M"f.”’) =dy (fzu',fu') < oc(f;/, .”’)de (fM's #')

(24)
Asy(t) <t, so
w(@}(fﬂ’,#')) <9’}(f//,;/),

P (fu'') = [Aldg(fu’,y’) +odp (W' ') +A3d§(fﬂ'»f2#')

N de(u' fﬂ')(1+d9 fM fzu'
’ 1+d9 /4 fM

N de(fu' fu) 1+d9 M fH
] 1+d9 /4 fM

ro Ur

)]

= [Mdé(f//,ﬂ ) +A de(u fu ) +A de(fﬂ' u )

N )
[ )

1+de(u »fu )
o (de (f//,f//) (1 +dy (#'m'))) } "
1+d9(!4,’f!4,)
< {(Al A+ A +/\4)d6(,u’,fy’>]
= [+ A+ A A (' ') < do (' "),
(25)

r

which leads to a contradiction. Thus, fu' =u'.

Case 2. Consider r=0. Let 4 =y, _; and v = y,. One writes

P (> ) )= dy' (0 ) - i (Ui fity 1) -y (o f 1)
(d o(t f1t,) (L + dg(ph, 1> fh,, 1)))A
1+d9 :un I’Mn)
(de (’ln l’ftun +d9<[’ln fAMn 1)>/\5
20(u,,_1> f )
= dy (Hy1o ) - Ay (U 1)~ A (U )
(d Mi’l’lbln+1 1+d9(/’ln 1’[’111)))/\4

1 +d9 Aun l’nun)

d@ Mn 1’1un+1 +d9(‘bln #n))
29 ."ln l’n"lnﬂ)

Ay (Hyys ) - dg? (0 ) A (U 1)

A4 d Mn—’#rﬂ )LS
+dy (Mwmﬂ)-(—zggy IM 1;
n—1° Fn+l

(26)

Using triangular inequality, we obtain

P (1> ) < g (415 1) - A (1,15 1)
As
d9 [’ln’[’{nﬂ) d (”n’[’{m—l)

(9 Bt ) [ Ao (i 11,) + g (1,5 Mm)])A
26 #n I’MVHI)

< Ay (o ) - Ay (t 5 1) -y (i )
do(t, 1 th,) + Aot )\
'dg4(#n’ [’ln+1) . ( 9(:“n M ) 9(/" “ +1)> )

2
(27)
By using the following inequality, one gets
c c C
(g) < ;Ly Vx,y,¢>0. (28)

So, we have

r A A As
egjf(!’ln—l’ [’Ln) = dﬂl (/’ln—l’ lun) ’ d92 (Hn—l’ #n) : d9‘ (Aun’ Aun+1)

) . de(”n—l’ Aun)/\s + d@(nun’ n"{nﬂ)/\g
5 >

Ay
: d@ ([’ln’ M1
(29)

and by equation (7),

0= (1ot ) Ao bty 1) ¥ (P50, 101,) ) )

(30)
< W(‘gj}(ﬂn—l’ lun) - (X(”n—l’ Pln)de(ftun—l’f”n))’



which gives,

ot ) < @ty ) Ao (10 10) SV (P, 18))-
(31)

Suppose that d@(:"{n—l’ A"ln) < d@([/ln,[/ln+1). As W is an
increasing function, so

A +A A +A 4,
<d, (

d@(ﬂn’”nﬂ) nun’nunﬂ) = d@(n"ln’ :unﬂ)’

d@(n"’n’ A"ln+1) < d@(#n’ Mn+1)’
(32)

so, we have two cases here that dg(u,, u,,,,) = dg(¢,,> t4,,,,) OF

dg(t,s ) < dg(ph> ,,,,) Which is a contradiction. Thus,
we obtain

dg(Hy> Byir) < v/(@}(#nip #n)) <y"dg(pg> ) (33)

Utilizing the same arguments as of Case 1, we obtain that
(#,) e 1s a Cauchy sequence in an extended b-metric space.

Therefore, it is convergent, so there exists 4’ € N such that

lim p, = [4/. (34)

n—:o00

Now, further we claim that y' is a fixed point of f. By
condition (iii), if f is continuous, then

do (' fu') = lim do(p, fit,) = lim do(s, 1) =0.
(35)

Thus,

! !

w=fu. (36)

Hence, y' is a fixed point of f. Now, consider f* is contin-
uous. It follows that f*u’ = u'. Now, we shall validate that f
' = p'. Contrarily, suppose that fu' #u', then

o<t (a(fu'u Vo (a1 )ow (7 (£ 1))
=y (25 (P fu') ) (i) do (£ f).
(37)
It implies that
do (', fu') =do (£’ fu') < o(fu'u" ) do (20" ")

V(o)) v (710,
(38)
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where
P (#I’fﬂl) =dy (u'ﬂt’)
. (da(ﬂl’fﬂl)(1+de(#,)fﬂl)>)
1+de(/4,»f.“,)
' (dg (v 1) +de(fﬂ’,fu')>
29(#'#’)
= dy (M’)fﬂl) <dy (ﬂ',fu')-

Ay

9

Therefore, we have

dy (H'>f#,> Sw(ﬂ’} (I/’fﬂl)) < w(de (H'>fl/">> <d, <M”fﬂ')’
(40)
which is a contradiction. So, fu' = p'.

Theorem 11. Assume that all the postulates of Theorem 10
hold. Additionally, suppose that a(u',v') > 1, for any u',v'
€ Fix;(X). Then, f has a unique fixed point.

Proof. Assume that the fixed point of the mapping f is not
unique. Let v' € 2 be another fixed point of f, where u' #
v'. For case r > 0, by equation (7), we get

()g((oc(‘u’,V')de(f.””fv,)’w(‘@}(M”V’))) (41)
“¥(7) -+l 1)
This yields that
LCROELCROLIINED
<y(P (W) <7y (W)
= [Md(ra(.“”v,) +)»2d§(/4’>f.“,> +/\3d§<vl>fv'>
(I sy
1+d9<pt/,vl>

) (dg(v',fy'> (1 +d9<,u',fv'>>>1 v
1+d, (y', v’)
=y +2) " (W' V") < dy ('),

(42)

which is a contradiction. Similarly, for case r =0, we obtain
0<dy(u',v") <0, which also gives a contradiction. Thus,
u' =v'; that is, f has a unique fixed point. O
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Example 1. Let £ =[0,3] and d :  x & — [0,00) be such
that d(u, v) = |p—v|* and O(u,v) =p+v+2 for all y,ve
& . Consider the mapping f : & — X defined by

1
3 ifuelo,1],
flw) = p (43)
=, ifue(L,3],
3
and
3, ifu,vel0,1],
a(@v)= | 1 ifu=0,v=3,y: [0.00) — [Doo)definedbyy(r) = $8L(t5) = ; ~ 1
0, otherwise.
(44)
Note that

(i) (Z,dy) is an extended complete b-metric space with
O(u,v)=p+v+2

(ii) f is triangular a-orbital admissible mapping

(iii) For u, € [0, 1], fu, = 1/3 € [0, 1], and therefore, a(y,
Sig)=3>1

(iv) f is continuous
(v) f* is continuous, where f* = 1/3

Furthermore, for = 1/3 € Fix ('), we get a(1/3,f1/3)
=3>1

(Vi) Clalps, v)do(fpio fv), Y(F (1 v))) 20

Consider y,ve€|0,1], then fu=fv=1/3, and hence,
dg(fu, fv) =0. For all y, v € [0, 1], we have

¢ (aleV)do(f 10 )9 (P 0) ) =¢ (0.9 (F5 7)) )
G

(45)

Hence,

(e v)dy(fin fv) v (Z5(10v) ) ) 2 19 v € 0,1 (46)

Now, consider y=0,v=3, r=2,and A, =1, =A,=1,
= A5 =1/5, we have

(@l ol )9 (Z500v)) ) =€ (a0, 3)da0.53),w(2710.3)))
(9f03) (0, 3)dy(£0, £3)

gd@(o, 3)+ édﬁ(o,fO) + éd§(3,f3) + =

1+4dy(0,3) 1+dy(0,3)

~<d6(3’f3)(1 +d9(0’f0))>2+ : <d9(3 ,fO) (1 +dy(0, £3)) ]1/2
e R e L R T )

(47)

Hence,
{(«(0.3)dp(£0. f3),y(25(0.3)) ) 2 0. (a8)

In all other cases, we have a(y,v) =0, so

(0w (7w m)) = 9(Ziw) 20 (49)

Hence, we acquire that f is an admissible hybrid Z
-contraction. It follows all the hypothesis of Theorem 11,
and so, p = 1/3 is the fixed point of f.

Let @ be the collection of all auxiliary functions ¢ : [0,
00) —> [0,00), which are continuous and ¢(v) =0 if and
only ifv=0.

Corollary 12. Let (Z,dy) be an extended b-metric space,
[ X — X and a: X x L —> [0,00). Suppose that there
exist two functions ¢,, ¢, € ® with ¢,(v) <v < @,(v), for all
v > 0, such that

Pl V([ fv) <9, (P v)),  (50)
where { is defined as {(t,s) = ¢, (s) — ¢,
pose that

(t). Additionally, sup-

(i) f is triangular a-orbital admissible

(ii) There exists p, € X such that a(p,, fu,) > 1

(iii) Either f is continuous or

(iv) f? is continuous and a(u, fu) > 1 for any y € Fix2(X)
W) Ifu',v' € Fix; (), then alp' v =1

Then, f has a unique fixed point.

Corollary 13. Let (2, dy) be an extended b-metric space. Sup-
pose that there exists a function ¢ € O, where @ : [0,00) —
[0,00) such that all ¢ € @ is continuous and ¢(v) =0 if and
only if v =0, such that



alw vy (f1nfv) S P () ~0(Z5(wv), (51)

where ( is defined as {(t,s) =s— ¢(s) — t. Furthermore, we
assume that

(i) f is triangular a-orbital admissible
(ii) There exists y, € X such that a(u,, fu,) > 1
(iii) Either f is continuous or
(iv) f* is continuous and a(u,fu) =1 for any pe€Fi
xp ()
W) Ifu' v € Fix; (), then alp' v =1
Then, f has a unique fixed point.

Corollary 14. Let (2, dy) be an extended b-metric space. Sup-
pose that there exist a function x : [0,00) — [0,00) such that

J‘ot@;(%w x(p)dp exists and jogl} () x(p)dp > ¢, for every € >0,
with property that

P ()

a(y,v>de<fu,fv>sj xp)dp, (52)

0

where { is defined as {(t,s) =s — ff)x(u)du. Moreover, we sup-
pose that

(i) f is triangular a-orbital admissible
(ii) There exists u, € X such that a(p,, fy,) = 1
(iii) Either f is continuous or

(iv) f* is continuous mapping and o(u,fu)=1 for
any y € Fix ()

W) Ifu',v' € Fix;(X), then alp' v =1
Then, f has a unique fixed point.

4. Application

In this section, we explore Ulam-Hyers stability and well
posedness of the fixed point problem in the setup of an
extended b-metric space (see [36] and references therein).

Definition 15. Let f : &' — X be a self-mapping defined on

an extended b-metric space. Consider the fixed point
problem

u=ru. (53)
The fixed point problem (53) is well-posed if
() Fix, () = {u'}

(ii) If (g,,) . is @ sequence such that dg(p,, fut,,) — 0,
as n—> 00, then y, —> p', as n — 0o
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Theorem 16. Let (2, dy) be an extended b-metric space. Sup-
pose that all the assumptions of Theorem 11 hold, and r > 0.
Additionally, we assume that for any sequence (u,,) > do(

o fth,) — 0, as n — oo, we have a(u,, u') > 1, for all n
€N, where ' € Fix; (). If Ay + A5 < 1’ (r), where n(r) =

max {1,271 (6(u, v )) Wy, v e X, then the fixed point prob-
lem (53) is well-posed.

Proof. As u' = Fix;(Z), by equation (7),

0< C(rx(uw M')de (fﬂn,fu'), w(g’} (#n) #’))) -
< w(g’} (Mn, M')) - “(."‘w ﬂ')de (f.“wfﬂ,)'

Consider

do (1o 1") <0t 1") [ dplaa,o 1) + g (Fit ot |

0ttt )do (bt S14,) + 0 (101" ) o (ft, ")

001" ) oy 1) + 0 (11" )t (104" )
(S tu') <0(p ') dote, fu,)
CEONCACRY)

<Oty i) ot fit,) + 0 (101" ) 7 (1)
<0ty b ) ol f1,) + 011"

IN

[l d’(MM)Md Hoo i) + Asdly <M fﬂ)

R de(ﬂ”fﬂl>(l+d9(//‘n>fﬂn)) '
o 1+de<m»#'>
v UUr

" (de@/,f#n)(1+de(#n>fu'))) ]
’ 1+d9<[4n,[,¢')

=0(u, M,)de(/f‘n)fﬂn)‘*@(ﬂwﬂl)
My (o ) + Aol fi,) + Al (H/vf#n)}m

SQ(H u )de(.“n’fﬂn)"'e(.“n’#,)
[ty (") + Aadip f,) + (01" F1,) ) s
(o (' 18) + o 1)) ]

SG(H u )de(ﬂn’f#n)Jre(l/‘w.‘/‘,)

[y (o) + Dol f11,) + 27

<9(l4 fm)) A de(.“ m) +27

(o

0w f.un)) Asdp (¢, fun)} "
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In this way, we obtain

(1) 22 (0t ) it ) 2
(B 1)) My (1 )”1
(( ))A o f1r,) + 277
(0 t)) (8110 ) A (w10

#2720 ') ) (Olot Fn) Asy 1t i),
(56)

or we can write

(127 (0w a)) A2 (0] ) (0 1)) A5 )

<27 (0o ")) [+ a4 27 O F1,)) Ns) 1t f1,).

(57)
From here, we get
dy (1,0
2 (0t ) [0+ A0+ 27 Ot f)) s
) [1-2 (G(EA( :’);21) _[22r—2 (9(‘“;’()#)]((:<L)I fl)) " (s f1t,):
(58)

, A
dé(#n»ﬂ ) < [’7( )[1(+)A +,;1(( >)A]] do(ptp fit,)- (59)
As n—> 00, we have that lim

lim,,__oody(pt', 1,) = 0.
Thus, the fixed point problem (53) is well-posed. O

dp(u,» fu,)=0. So,

n—=aoo

Definition 17. The fixed point problem p = fu is called gener-
alized Ulam-Hyers stable if and only if there exists w : [0,00
) — [0,00) which is increasing, continuous at 0 with w(0)
= 0, such that for every £ > 0 and for each v' € ,

dg(v, fv) <&, (60)

there exists a solution ' of the fixed point problem such that

dg(v' ') < w(§).
If there exists x > 0 such that w(a) = x.a, for each a € RY,
then the fixed point problem is referred to be Ulam-Hyers

stable.

Theorem 18. Let (2, dy) be an extended b-metric space. Sup-
pose that all the assumptions of Theorem 11 hold and r > 0.

Furthermore, we assume that a(v', ') > 1, forallv' €
satisfying (60), where u' € Fix( (). If A+ A5 <1n(r),
where (r) = max {1, 271(0(u, v)) }Vu, v € X, then the fixed
point problem y = fu is Ulam-Hyers stable.

Proof. By (7),

0g((a(vl,/d/)de(f"”f.“’)’W(‘@}(v/’”’>)> (61)

<w{#()) (o)1)

Consider

1/r

[Ald;(v M)mzz +A d9<;4 fv )]
)[/\ d€<v ,u>+AZE

¢s<de<ﬂ )l ))]”

S@(V',y')§+ (v ') [/\ de(v ,u>+)lzfr+2"1

2 (ofu )
(62)

Thus, we get
() <2 o) o2 o
() o2 (v

(O()) (el
w2 (0(v)) (0

) a

)) A& 42772
DRI v’)
o)) A

(63)
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or we can write

o)) 2o () (o)
: (,/, v') <2 (e<v’,y’>>' [1 +A,+2! <6<v',fv'))r/\5]5r.

(64)

Therefore, we obtain

. 2 (o', ')r)r[l+A2+2”’1<6<v';fv'>)r/\5] e
) h ) )

—
—
|
N
2
I
—
D
~—~
<
=
~| =

(65)
Thus, we get
r (o < n(r) [+ +n(r)As] .,
B ) oo e
Hence,
d, (,/,v’) <xt, (67)

where x = (1(r)[1+ A, + n(r)As))/([1 = n(r)A, =1 (r)As]) for
allr>0and A, A5 €0, 1). O

5. Conclusion

In this research paper, we consolidated and refined several
existing results in literature by bringing up the notation of
admissible hybrid Z-contractions in the setup of an
extended b-metric space. Accordingly, all the exhibited
results are authentic in context of complete b-metric spaces
by letting 8(p, v) = 8, where § > 1, and in context of complete
metric spaces by letting § = 1. Furthermore, the paper gener-
alizes the results of [36, 45, 46, 51]. Numerous fixed point
results can be concluded in standard b-metric spaces via a
partial order or a cyclic contraction. Moreover, one can
derive results in extended b-metric spaces using [52-55].
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