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In this manuscript, exciting fixed point results for a pair of multivalued mappings justifying rational Gupta-Saxena type
Ω-contractions in the setting of extended b-metric-like spaces are established. The theoretical results have also been strengthened
by some nontrivial examples. Finally, the theoretical results are used to study the existence of the solution of Fredholm integral
equation which arises from the damped harmonic oscillator, to study initial value problem which arises from Newton’s law of
cooling and to study infinite systems of fractional ordinary differential equations (ODEs).

1. Introduction

The importance of fixed-point (FP) theory increased after
Banach introduced his principle [1]. It became an essential
tool in nonlinear analysis. In particular, there are many
important applications in which the FP method is involved
such as economics, microbiology, and physical applications.
This technique permeates fractional analysis and becomes a
basic method in finding solutions to some fractional systems.
For more details, we suggest the reader to read the books of
Kilbas et al. [2], Samko et al. [3], Wang et al. [4], and
Atangana and Baleanu [5]. Furthermore, this methodology
is widely used in finding solutions of integral equations, frac-
tional differential equations, and boundary value problems,
for example, see [6–11].

Under Hausdorff metric space formalism, Nadler [12]
introduced the notion of multivalued mapping as follows:
Let ðV , τÞ be a metric space, VCB represents the set of non-
empty closed bounded subsets of V , and let Ξ : VCB ×
VCB ⟶ℝ+ be a function given by

Ξ z1, z2ð Þ =max sup
ξ∈z1

τ ξ, z2ð Þ, sup
ζ∈z2

τ ζ, z1ð Þ
( )

,∀z1, z2 ∈ VCB, ð1Þ

where τðξ,℧2Þ = inf fτðξ, ζÞ: ζ ∈ z2g.

The function Ξ is called also the Hausdorff-Pompeiu
metric. Consider

δ z1, z2ð Þ = sup τ ξ, ζð Þ: ξ ∈ z1, ζ ∈ z2f g, ð2Þ

then, one can deduce that for all z1, z2, z3 ∈ VCB,

(i) δðz1, z2Þ = δðz2, z1Þ
(ii) δðz1, z2Þ = 0⇔ z1 = z2 = fξg
(iii) δðz1, z3Þ ≤ δðz1, z2Þ + δðz2, z3Þ
(iv) δðz1, z1Þ = diamz1

In 2012, Wardowski [13] generalized the old principle of
Banach to a broader kind. He called it Ω-contraction and
presented it in the following definition:

Definition 1.A nonlinear mappingN : V ⟶V described on
the metric space ðV , τÞ is called aΩ-contraction if there exist
F ∈ Σ and υ > 0 so that

τ N℘,Nℏð Þ > 0⇒ υ +Ω τ N℘,Nℏð Þð Þ ≤Ω τ ℘,ℏð Þð Þ,∀℘,ℏ ∈ V ,
ð3Þ
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where Σ is the class of functions Ω : ð0,+∞Þ⟶ℝ so that
the assertions below hold:

(Ω1) for all z1, z1 ∈ℝ+, if z1 < z2, then Ωðz1Þ <Ωðz2Þ
(Ω2) for all positive real sequence fzrg,zr ⟶ 0 if and

only if ΩðzrÞ⟶ −∞ as r⟶∞
(Ω3) there exists ℓ ∈ ð0, 1Þ so that lims⟶0+sℓΩðsÞ = 0

Many researchers have turned to generalize ordinary
metric spaces to more comprehensive spaces such as b-met-
ric, metric-like, and b-metric-like spaces. In the other word,
Czerwik [14] was able to present b-metric spaces, Alghmandi
et al. [15] introduced metric-like and b-metric-like spaces,
and Hammad et al. [16] presented extended b-metric like
spaces. It should be noted that the definitions of these spaces
are mentioned in the next section.

The concept of multivalued mapping and Ω-contraction
mapping in abstract spaces are combined, and fruitful FP
results in this line are obtained. For instance, see Cosentino
and Vetro [17], Sgroi and Vetro [18], and Ali et al. [19].

By the same approach, in this manuscript, some FP
results under rational Gupta-Saxena type Ω-contractions
(for short, ΦrGS

φ,Ω-contractions) are obtained in the setting of
extended b-metric-like space (for short, ¥b-spaces). Also,
the results are supported by nontrivial examples. Finally,
the theoretical results are applied to study the existence of
the solution to the Fredholm integral equation which arises
from the damped harmonic oscillator, to study the initial
value problem (IVP) which arises from Newton’s law of
cooling and to study infinite systems of fractional ODEs.

2. Preliminaries

This section discusses some extended spaces and their topo-
logical properties.

Definition 2 [15]. Let V be a nonempty set. A function τ :
V2 ⟶ℝ+ is called a metric-like on V , if for all z1, z2, z3 ∈
V , the conditions below hold:

(a) τðz1, z2Þ = 0⇒ z1 = z2

(b) τðz1, z2Þ = τðz2, z1Þ
(c) τðz1, z3Þ ≤ τðz1, z2Þ + τðz2, z3Þ

Here, ðV , τÞ is named as a metric-like space.

Definition 3 [15]. A b-metric-like on a nonempty set V is a
function τ : V × V ⟶ℝ+ so that for all z1, z2, z3 ∈ V and a
constant j ≥ 1, the following three conditions hold:

(e) τðz1, z2Þ = 0⇒ z1 = z2

(f) τðz1, z2Þ = τðz2, z1Þ
(g) τðz1, z3Þ ≤ j½τðz1, z2Þ + τðz2, z3Þ�

Here, ðV , τÞ is called a b-metric-like space with con-
stant j:

For more details about the conversion of metric-like and
b-metric-like spaces, see [20–22].

Very recently, Hammad et al. [16] merged the results of
metric-like with b-metric-like spaces and formed a ¥b-space.
Also, topological properties of this space were discussed, and
some nice FP results of Wardowski and Suzuki contraction
mappings were obtained. This space is introduced as follows:

Definition 4 [16]. Assume that V is a nonempty set and j :
V ×V ⟶ ½1,∞Þ is a given function. A function τj : V

2

⟶ ½0,∞Þ is called a modified τj-metric-like if for all z1,
z2, z3 ∈ V :

(τj1) τjðz1, z2Þ = 0⇒ z1 = z2
(τj2) τjðz1, z2Þ = τjðz2, z1Þ
(τj3) τjðz1, z3Þ ≤ jðz1, z3Þ½τjðz1, z2Þ + τjðz2, z3Þ�

Then, ðV , τjÞ is called a ¥b-space.
Note that the class of ¥b-spaces is larger than the class

of b-metric-like spaces by replacing the constant j ≥ 1 of
Definition 3 by a nonconstant function j : V ×V ⟶ ½1,∞Þ
of Definition 4.

For more examples and applications via the mentioned
space, see [16].

Definition 5 [16]. Let fzιg be a sequence in the ¥b-space
ðV , τjÞ.

(i) If limi⟶∞τjðzi, zÞ = τjðz, zÞ, then fzig is convergent
to z

(ii) fzig is called Cauchy if limi,k⟶∞τjðzi, zkÞ exists and
is finite

(iii) If for each Cauchy sequence fzig, there is z ∈ V , so
that limi,k⟶∞τjðzi, zkÞ = τjðz, zÞ = limι⟶∞τjðzi, zÞ;
then, ðV , τjÞ is called complete

Lemma 6 [4]. Suppose that ðV , τÞ is an extended b-metric
space and that V1, V2 ∈ VCB,μ ∈ V1 and λ > 1, there exists
ηðμÞ ∈ V2 so that ϖθðμ, ηÞ ≤ λΞðV1, V2Þ:

It should be noted that Lemma 6 also satisfied in each of
metric spaces [23] and b-metric spaces [24]. Hence, it can be
easily achieved in ¥b-spaces.

3. Main Theorem

We begin this part with the following definition:

Definition 7. Let ðV , τjÞ be a ¥b-space with a function j : V ×
V ⟶ ½1,∞Þ. Assume that Φ, φ : V ⟶VCB are two multi-
valued mappings. We say that the pair ðΦ, φÞ is a ΦrGS

φ,Ω-
contraction if there exist υ > 0 and Ω ∈ Σ so that for all
z1, z2 ∈ V , then

υ +Ω λH Φz1, φz2ð Þð Þ ≤Ω β z1, z2ð Þð Þ, ð4Þ
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where

β z1, z2ð Þ

=max τj z1, z2ð Þ, 1 + τj z1,Φz1ð Þ� �
τj z2, φz2ð Þ

1 + τj z1, z2ð Þ ,
τj z1,Φz1ð Þτj z2, φz2ð Þ

1 + τj z1, z2ð Þ

( )

ð5Þ

Theorem 8. Let ðV , τjÞ be a complete ¥b-space and let ðφ,
ΦÞ be a ΦrGS

φ,Ω-contraction so that for all z0 ∈ V ,
limm:n⟶∞ jðzm, znÞ < 1/λ: Then, φ and Φ have a unique
common FP.

Proof. Let z0 ∈ V and z1 ∈Φz0: Assume that z2 = φz1, and by
Lemma 6, there is z3 ∈Φz2 so that

τj z3, z2ð Þ ≤ λH Φz2, φz1ð Þ: ð6Þ

Inductively, we let z2n = φz2n−1, and by Lemma 6, we
select z2n+1 ∈Φz2n so that

τj z2n−1, z2nð Þ ≤ λH Φz2n, φz2n−1ð Þ: ð7Þ

Applying (4) and (7), we have

If max fτjðz2n, z2n+1Þ, τjðz2n+1, z2n+2Þg = τ jðz2n+1, z2n+2Þ,
then

υ +Ω τj z2n+1, z2n+2ð Þ� �
≤Ω τj z2n+1, z2n+2ð Þ� �

: ð9Þ

This is a contradiction according to Ω1: Therefore,
max fτjðz2n, z2n+1Þ, τjðz2n+1, z2n+2Þg = τjðz2n, z2n+1Þ: Then,
from (8),

Ω τj z2n+1, z2n+2ð Þ� �
≤Ω τj z2n, z2n+1ð Þ� �

− υ,∀n ≥ 0: ð10Þ

Similarly, we get

Ω τj z2n, z2n+1ð Þ� �
≤Ω τ j z2n−1, z2nð Þ� �

− υ: ð11Þ

Applying (10) and (11), we have

Ω τj z2n+1, z2n+2ð Þ� �
≤Ω τj z2n−1, z2nð Þ� �

− 2υ: ð12Þ

Repeating consequently, one can obtain

Ω τj z2n+1, z2n+2ð Þ� �
≤Ω τj z0, z1ð Þ� �

− 2n + 1ð Þυ: ð13Þ

Similarly,

Ω τj z2n, z2n+1ð Þ� �
≤Ω τj z0, z1ð Þ� �

− 2nυ: ð14Þ

By using (13) and (14), we have

Ω τj zn, zn+1ð Þ� �
≤Ω τj z0, z1ð Þ� �

− nυ: ð15Þ

Taking the limit as n⟶∞ in both sides of (15), we get

lim
n⟶∞

Ω τj zn, zn+1ð Þ� �
= −∞: ð16Þ

It follows from Ω2 that

lim
n⟶∞

τj zn, zn+1ð Þ = 0: ð17Þ

By (15), for n ∈ℕ, we get

τj zn, zn+1ð Þ� �ℓ Ω τj zn, zn+1ð Þ� �
−Ω τj z0, z1ð Þ� �� �

≤ − τj zn, zn+1ð Þ� �ℓnυ ≤ 0,
ð18Þ

for all ℓ ∈ℕ ∪ f0g: Letting n⟶∞ in (18) and applying (16)
and (17), one can write

lim
n⟶∞

n τj zn, zn+1ð Þ� �ℓ = 0: ð19Þ

From (19), there is n1 ∈ℕ so that nðτ jðzn, zn+1ÞÞℓ ≤ 1, for
all n ≥ n1: It follows that

τj zn, zn+1ð Þ ≤ 1
n1/ℓ

,∀n ≥ n1: ð20Þ

υ +Ω τj z2n+1, z2n+2ð Þ� �
≤ υ +Ω λH Φz2n, φz2n+1ð Þð Þ

≤Ω max τj z2n, z2n+1ð Þ, 1 + τj z2n,Φz2nð Þ� �
τj z2n+1, φz2n+1ð Þ

1 + τj z2n, z2n+1ð Þ ,
τj z2n,Φz2nð Þτj z2n+1, φz2n+1ð Þ

1 + τj z2n, z2n+1ð Þ

( ) !

=Ω max τj z2n, z2n+1ð Þ, 1 + τj z2n, z2n+1ð Þ� �
τj z2n+1, z2n+2ð Þ

1 + τj z2n, z2n+1ð Þ ,
τj z2n, z2n+1ð Þτj z2n+1, z2n+2ð Þ

1 + τj z2n, z2n+1ð Þ

( ) !

≤Ω max τj z2n, z2n+1ð Þ, τj z2n+1, z2n+2ð Þ, τj z2n+1, z2n+2ð Þ� �� �
=Ω max τj z2n, z2n+1ð Þ, τj z2n+1, z2n+2ð Þ� �� �

:

ð8Þ

3Advances in Mathematical Physics



Using (20) for m > n > n1, we have

τj zn, zmð Þ ≤ j zn, zmð Þ τj zn, zn+1ð Þ + τj zn+1, zmð Þ� �
≤ j zn, zmð Þτj zn, zn+1ð Þ

+ j zn, zmð Þj zn+1, zmð Þ τj zn+1, zn+2ð Þ + τj zn+2, zmð Þ� �
≤ j zn, zmð Þτj zn, zn+1ð Þ + j zn, zmð Þj zn+1, zmð Þτj zn+1, zn+2ð Þ
+⋯+j zn, zmð ÞJ zn+1, zmð Þj zn+2, zmð Þ:⋯j zm−2, zmð Þ
� j zm−1, zmð Þτj zm−1, zmð Þ

≤ j z1, zmð Þj z2, zmð Þ⋯ j zn, zmð Þτj zn, zn+1ð Þ
+ j z1, zmð Þj z2, zmð Þ⋯ j zn+1, zmð Þτj zn+1, zn+1ð Þ
+⋯+j z1, zmð Þj z2, zmð Þ⋯ j zm−1, zmð Þτj zm−1, zmð Þ:

ð21Þ

It should be noted that the series

〠
∞

n=n1
τj zn, zn+1ð Þ

Yn
i=1

j zi, zmð Þ, ð22Þ

converges because

〠
∞

n=n1
τj zn, zn+1ð Þ

Yn
i=1

j zi, zmð Þ ≤ 〠
∞

n=n1

1
n1/ℓ

Yn
i=1

j zi, zmð Þ

≤
1
λ
〠
∞

n=n1

1
n1/ℓ

,
ð23Þ

which is convergent. Put E =∑∞
n=n1τjðzn, zn+1Þ

Qn
i=1 jðzi, zmÞ

and Ek =∑∞
k=1τjðzk, zk+1Þ

Qn
i=1 jðzi, zmÞ: Thus, for m > n > n1,

inequality (20) implies that τ jðzn, zmÞ ≤ Em−1 − En−1: Passing
n⟶∞, we conclude that fzng is a Cauchy sequence
in ðV , τjÞ but a ¥-space ðV , τjÞ is complete so there exists
z ∈ V such that limn⟶∞zn = z:

Now, we want to show that z is a common FP ofΦ and φ:
It is clear that

λτj z2n+2, φzð Þ ≤ λH Φz2n+1, φzð Þ ≤ λH Φz2n+1, φzð Þ, λ > 1:
ð24Þ

Hence,

λτ j z2n+2, φzð Þ ≤ λH Φz2n+1, φzð Þ: ð25Þ

Since Ω is strictly increasing, therefore

Ω λτj z2n+2, φzð Þ� �
≤Ω λH Φz2n+1, φzð Þð Þ: ð26Þ

By adding υ to both sides and using (4), we have

Since υ > 0, we have

Since Ω is strictly increasing, we get

υ +Ω λτj z2n+2, φzð Þ� �
≤ υ +Ω λH Φz2n+1, φzð Þð Þ

≤Ω max τj z2n+1, zð Þ, 1 + τj z2n+1,Φz2n+1ð Þ� �
τj z, φzð Þ

1 + τj z2n+1, zð Þ ,
τj z2n+1,Φz2n+1ð Þτj z, φzð Þ

1 + τj z2n+1, z2ð Þ

( ) !
:

ð27Þ

Ω λτj z2n+2, φzð Þ� �
≤Ω max τj z2n+1, zð Þ, 1 + τj z2n+1,Φz2n+1ð Þ� �

τj z, φzð Þ
1 + τj z2n+1, zð Þ ,

τj z2n+1,Φz2n+1ð Þτj z, φzð Þ
1 + τj z2n+1, z2ð Þ

( ) !
: ð28Þ

λτj z2n+2, φzð Þ ≤max τj z2n+1, zð Þ, 1 + τj z2n+1,Φz2n+1ð Þ� �
τj z, φzð Þ

1 + τj z2n+1, zð Þ ,
τj z2n+1,Φz2n+1ð Þτj z, φzð Þ

1 + τj z2n+1, z2ð Þ

( )
: ð29Þ
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Letting n⟶∞ in the above inequality, one can write

λτj z, φzð Þ ≤max 0, τj z, φzð Þ, 0� �
= τj z, φzð Þ: ð30Þ

This implies that ðλ − 1Þτjðz, φzÞ ≤ 0: So, we have τjðz,
φzÞ⟶ 0: Thus, z ∈ φz: Similarly, one can prove that z ∈

Φz: Therefore, z is a common fixed point of Φ and φ:
In order to show the uniqueness, let z∗ be another common
FP of Φ and φ so that z∗ ≠ z: Then, by ΦrGS

Ω -contraction
(4), one can obtain

Based on the properties of Ω and since υ > 0, we con-
clude that ð1 − λÞτjðz, z∗Þ ≤ 0: This means τjðz, z∗Þ⟶ 0,
i.e., z = z∗: This finishes the proof. ☐

Remark 9. The contraction condition of Theorem 8 is
reduced to the following:

(i) ΦrGS
φ,Ω-contraction in b-metric-like space, if jðy, zÞ =

jð≥1Þ
(ii) ΦrGS

φ,Ω-contraction in metric-like space, if jðy, zÞ = 1

(iii) ΦrGS
Ω -contraction in ¥-spaces, if Φ = φ

(iv) ΦrGS
Ω -contraction in b-metric-like space, ifΦ = φ and

jðy, zÞ = jð≥1Þ
(v) ΦrGS

Ω -contraction in b-metric-like space, if jðy, zÞ = 1
and Φ = φ

Corollary 10. Theorem 8 is still valid if one of the following
forms is chosen for βðz1, z2Þ in Equation (5):

(1) βðz1, z2Þ = τjðz1, z2Þ
(2) βðz1, z2Þ = ½1 + τjðz1,Φz1Þ�τjðz2, φz2Þ/1 + τjðz1, z2Þ
(3) βðz1, z2Þ = ½1 + τjðz1,Φz1Þ�τjðz2, φz2Þ/1 + τjðz1, z2Þ
(4) βðz1, z2Þ =max fτjðz1, z2Þ, ½1 + τ jðz1, Φz1Þ�τjðz2,

φz2Þ/1 + τjðz1, z2Þg
(5) βðz1, z2Þ =max fτjðz1, z2Þ, τjðz1,Φz1Þτjðz2, φz2Þ/τj

ðz1,Φz1Þτjðz2, φz2Þg
(6) βðz1, z2Þ =max f½1 + τjðz1,Φz1Þ�τjðz2, φz2Þ/τjðz1,

Φz1Þτjðz2, φz2Þ, τjðz1,Φz1Þτjðz2, φz2Þ/1 + τjðz1, z2Þg

4. Illustrative Examples

In this section, we give some illustrative examples to support
Theorem 8 and its consequences.

Example 1. Let V = ½0, 1�: Define τj : V ×V ⟶ℝ+ by τjðz1,
z2Þ = ðz1 + z2Þ2 for all z1, z2 ∈ V ; then, the pair ðV , τjÞ is

¥-space with jðz1, z2Þ = 2 + ðz1Þ2 + ðz2Þ2: Define Φ, φ : V
⟶VCB and Ω : ℝ+ ⟶ℝ+ by

Φz1 = 0, z13
h i

, φz2 = 0, z23
h i

, for all z1, z2 ∈ 0, 1½ �, λ > 1,

ð32Þ

and ΩðσÞ = ln ðσÞ, for all σ > 0, respectively. Now, we
have

3H Φz1, φz2ð Þ = 3H 0, z13
h i

, 0, z23
h i� 	

≤ 3 z1
3 + z2

3
� 	2

= 1
3 z1 + z2ð Þ2 = 1

3 τj z1, z2ð Þ ≤ 1
3β z1, z2ð Þ:

ð33Þ

Taking log to the base e on both sides, we get

ln 3H Φz1, φz2ð Þð Þ ≤ ln 1
3β z1, z2ð Þ

 �

= ln 1
3


 �
+ ln β z1, z2ð Þð :

ð34Þ

This implies that

ln 3H Φz1, φz2ð Þð Þ − ln β z1, z2ð Þð
≤ − ln 3ð Þ⇒Ω λH Φz1, φz2ð Þð Þ −Ω β z1, z2ð Þð ≤ −υ:

ð35Þ

Hence, the contraction condition (7) is fulfilled with
λ = 3 > 1 and υ = ln ð3Þ > 0: Thus, all stipulations of The-
orem 8 are fulfilled, and 0 is a unique common FP of Φ
and φ:

Example 2.Assume that V = ½0, 1�:Define a distance function
τ j over a set V by τjðz1, z2Þ = jz1 + z2j2 and j : V ×V ⟶

½1,∞Þ by jðz1, z2Þ = 2 + 2z1 + 3z2: Then, ðV , τjÞ forms a ¥-

υ +Ω λτj z, z∗ð Þ� �
≤ υ +Ω λH Φz, φz∗ð Þð Þ

≤Ω max τj z, z∗ð Þ, 1 + τj z,Φzð Þ� �
τj z

∗, φz∗ð Þ
1 + τj z, z∗ð Þ ,

τj z,Φzð Þτj +τj z, z∗ð Þ, φ + τj z, z∗ð Þ� �
+τj z, z∗ð Þ

( ) !
=Ω τ j z, z∗ð Þ� �

:

ð31Þ
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space. Define multivalued mappings Φ, φ : V ⟶VCB by
ΦðzÞ = 2/15fzg, for all z ∈ ½0, 1� and

φz =
2
10 zf g, if z ∈ 0, 1½ Þ,
0, if z = 1:

8<
: ð36Þ

Define the function Ω : ℝ+ ⟶ℝ+ by ΩðσÞ = ln ðσ2 +
σÞ for all σ > 0, υ > 0, and λ = 5/2:

Now, to fulfill the conditions of Theorem 8, we discuss
the following cases:

Case 1. If z1 ∈ ½0, 1Þ and z2 = 1, consider

Ω λH Φz1, φz2ð Þð =Ω
5
2H

2
15 z1f g, 0

 �
 �

=Ω
1
3H z1f g, 0ð Þ

 �

≤Ω
1
3 z1 + 0ð Þ2

 �

= ln z1ð Þ4
9 + z1ð Þ2

3

 !
:

ð37Þ

Now, consider

Therefore,

Ω β z1, z2ð Þð Þ =Ω z1 + 1ð Þ2� �
= ln z1 + 1ð Þ4 + z1 + 1ð Þ2� �

:

ð39Þ

Thus,

Ω λH Φz1, φz2ð Þð −Ω β z1, z2ð Þð Þ ≤ ln z1ð Þ4/9 + z1ð Þ2/3
z1 + 1ð Þ4 + z1 + 1ð Þ2

 !

= −υ,
ð40Þ

for any value of 0 ≤ z1 < 1 and υ > 0: Therefore,

υ +Ω λH Φz1, φz2ð Þð ≤Ω β z1, z2ð Þð Þ: ð41Þ

Case 2. If z2 ∈ ½0, 1Þ and z1 = 1, then Φðz1Þ =Φð1Þ = 2/15 and
φz2 = 1/5fz2g:

Consider

Ω λH Φz1, φz2ð Þð =Ω
5
2H

2
15 ,

2
10 z2f g


 �
 �

=Ω H
1
3 ,

1
2 z2f g


 �
 �
≤Ω

1
3 + z2


 �2
 !

= ln 1
3 + z2


 �4
+ 1

3 + z2


 �2
 !

:

ð42Þ

Now, consider

Therefore,

Ω β z1, z2ð Þð Þ =Ω 1 + z2ð Þ2� �
= ln 1 + z2ð Þ4 + 1 + z2ð Þ2� �

:

ð44Þ

Thus,

Ω λH Φz1, φz2ð Þð −Ω β z1, z2ð Þð Þ

≤ ln 1/3 + z2ð Þ4 + 1/3 + z2ð Þ2
1 + z2ð Þ4 + 1 + z2ð Þ2

 !
= −υ,

ð45Þ

β z1, z2ð Þ =max τj z1, 1ð Þ, 1 + τj z1, 2/15 z1f gð Þ� �
τ j 1, 0ð Þ

1 + τj z1, 1ð Þ ,
τj z1, 2/15 z1f gð Þτj 1, 0ð Þ

1 + τj z1, 1ð Þ

( )

=max z1 + 1ð Þ2, 1 + 514/225 z1ð Þ2
1 + z1 + 1ð Þ2 , 289/225 z1ð Þ2

1 + z1 + 1ð Þ2
( )

= z1 + 1ð Þ2:
ð38Þ

β z1, z2ð Þ =max τj 1, z2ð Þ, 1 + τj 1, 2/15ð Þ� �
τj z2, 1/5 z2f gð Þ

1 + τj 1, z2ð Þ ,
τj 1, 2/15ð Þτj z2, 1/5 z2f gð Þ

1 + τj 1, z2ð Þ

( )

=max 1 + z2ð Þ2, 514/225:36/25 z2ð Þ2
1 + 1 + z2ð Þ2 , 289/225:36/25 z2ð Þ2

1 + 1 + z2ð Þ2
( )

= 1 + z2ð Þ2:
ð43Þ
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for any value of 0 ≤ z2 < 1 and υ > 0: Therefore,

υ +Ω λH Φz1, φz2ð Þð ≤Ω β z1, z2ð Þð Þ: ð46Þ

Thus, all requirements of Theorem 8 are fulfilled, and 0 is
a unique common FP of Φ and φ:

Example 3.Assume that V = ½0, 1�:Define a distance function
τj over a set V by τ jðz1, z2Þ = jz1j + jz2j + jz1j2/4 + jz2j2/5 and
j : V ×V ⟶ ½1,∞Þ by jðz1, z2Þ = jz1 + z2j2: Then, ðV , τjÞ
forms a ¥-space. Define multivalued mappings Φ, φ :
V ⟶ VCB by

Φz = φz =

z2

2

� 
, if z ∈ 0, 12

� �
,

log 3zð Þ
4

� 
, if z ∈ 1

2 , 1
� �

:

8>>><
>>>:

ð47Þ

Define the functionΩ : ℝ+ ⟶ℝ+ byΩðσÞ = log ðσÞ for
all σ > 0, υ > 0, and λ = 2 > 1:

Case 1. If z1, z2 ∈ ½0, 1/2Þ, then φz1 = fz21/2g and φz2 = fz22/2g:
Consider

Ω λH φz1, φz2ð Þð =Ω 2H z21
2

� 
, z22

2

� 
 �
 �

≤Ω z1j j2 + z2j j2 + z1j j4
4 + z2j j4

5


 �

= log z1j j2 + z2j j2 + z1j j4
4 + z2j j4

5


 �
:

ð48Þ

Now, consider

Therefore,

Ω β z1, z2ð Þð Þ =Ω z1j j + z2j j + z1j j2
4 + z2j j2

5


 �

= log z1j j + z2j j + z1j j2
4 + z2j j2

5


 �
:

ð50Þ

Thus,

Ω λH φz1, φz2ð Þð −Ω β z1, z2ð Þð Þ

≤ log z1j j2 + z2j j2 + z1j j4/4 + z2j j4/5
z1j j + z2j j + z1j j2/4 + z2j j2/5


 �
= −υ, for some υ > 0:

ð51Þ

Hence, ΩðλHðφz1, φz2Þ −Ωðβðz1, z2ÞÞ ≤ −υ, which
implies

υ +Ω λH φz1, φz2ð Þð ≤Ω β z1, z2ð Þð Þ: ð52Þ

Case 2. If z1, z2 ∈ 1/2, 1�, then φz1 = flog ð3z1Þ/4g and φz2 =
flog ð3z2Þ/4g: Consider

Ω λH φz1, φz2ð Þð
=Ω 2H log 3z1ð Þ

4

� 
, log 3z2ð Þ

4

� 
 �
 �

=Ω H
log 3z1ð Þ

2

� 
, log 3z2ð Þ

2

� 
 �
 �

≤Ω
log 3z1ð Þ

2

����
���� + log 3z2ð Þ

2

����
���� + log 3z1ð Þj j2

16 + log 3z2ð Þj j2
20

 !

= log log 3z1ð Þ
2

����
���� + log 3z2ð Þ

2

����
���� + log 3z1ð Þj j2

16 + log 3z2ð Þj j2
20

 !
:

ð53Þ

β z1, z2ð Þ =max τj z1, z2ð Þ, 1 + τj z1, z21/2
� �� �

τj z2, z22/2
� �

1 + τj z1, z2ð Þ ,
τj z1, z21/2
� �

τj z2, z22/2
� �

1 + τj z1, z2ð Þ

( )

=max

z1j j + z2j j + z1j j2
4 + z2j j2

5 ,

1 + z1j j + z1j j/2 + z1j j2/4 + z1j j4/20� �
z2j j + z2j j/2 + z2j j2/4 + z2j j4/20� �

1 + z1j j + z2j j + z1j j2/4 + z2j j2/5 ,

z1j j + z1j j/2 + z1j j2/4 + z1j j4/20� �
z2j j + z2j j/2 + z2j j2/4 + z2j j4/20� �

1 + z1j j + z2j j + z1j j2/4 + z2j j2/5

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

= z1j j + z2j j + z1j j2
4 + z2j j2

5 :

ð49Þ
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Now, consider

Therefore,

Ω β z1, z2ð Þð Þ =Ω z1j j + z2j j + z1j j2
4 + z2j j2

5


 �

= log z1j j + z2j j + z1j j2
4 + z2j j2

5


 �
:

ð55Þ

Thus,

Hence, ΩðλHðφz1, φz2Þ −Ωðβðz1, z2ÞÞ ≤ −υ, which
implies

υ +Ω λH φz1, φz2ð Þð ≤Ω β z1, z2ð Þð Þ: ð57Þ

Case 3. If z1 ∈ ½0, 1/2Þ and z2 ∈ ½1/2, 1�, then φz1 = fz21/2g and
φz2 = flog ð3z2Þ/4g: Consider

Ω λH φz1, φz2ð Þð =Ω 2H z21
2

� 
, log 3z2ð Þ

4

� 
 �
 �

=Ω H z21
� �

, log 3z2ð Þ
2

� 
 �
 �

≤Ω z1j j2 + log 3z2ð Þ
2

����
���� + z1j j4

4 + log 3z2ð Þj j2
20

 !

= log z1j j2 + log 3z2ð Þ
2

����
���� + z1j j4

4 + log 3z2ð Þj j2
20

 !
: ð58Þ

Now, consider

β z1, z2ð Þ =max τj z1, z2ð Þ, 1 + τj z1, log 3z1ð Þ/4ð Þ� �
τj z2, log 3z2ð Þ/4ð Þ

1 + τj z1, z2ð Þ ,
τj z1, log 3z1ð Þ/4ð Þτj z2, log 3z2ð Þ/4ð Þ

1 + τj z1, z2ð Þ

( )

=max

z1j j + z2j j + z1j j2
4 + z2j j2

5 ,

1 + z1j j + log 3z1ð Þ/4j j + z1j j2/4 + log 3z1ð Þj j2/80� �
z2j j + log 3z2ð Þ/4j j + z2j j2/4 + log 3z2ð Þj j2/80� �

1 + z1j j + z2j j + z1j j2/4 + z2j j2/5 ,

z1j j + log 3z1ð Þ/4j j + z1j j2/4 + log 3z1ð Þj j2/80� �
z1j j + log 3z2ð Þ/4j j + z2j j2/4 + log 3z2ð Þj j2/80� �

1 + z1j j + z2j j + z1j j2/4 + z2j j2/5

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

= z1j j + z2j j + z1j j2
4 + z2j j2

5 :

ð54Þ

Ω λH φz1, φz2ð Þð −Ω β z1, z2ð Þð Þ ≤ log log 3z1ð Þ/2j j + log 3z2ð Þ/2j j + log 3z1ð Þj j2/16 + log 3z2ð Þj j2/20
z1j j + z2j j + z1j j2/4 + z2j j2/5

 !

= −υ, for some υ > 0:
ð56Þ

β z1, z2ð Þ =max τj z1, z2ð Þ, 1 + τj z1, z21/2
� �� �

τj z2, log 3z2ð Þ/4ð Þ
1 + τj z1, z2ð Þ ,

τ j z1, z21/2
� �

τ j z2, log 3z2ð Þ/4ð Þ
1 + τj z1, z2ð Þ

( )

=max z1j j + z2j j + z1j j2
4 + z2j j2

5 , 1 + z1j j + z21/2
�� �� + z1j j2/4 + z1j j4/20� �

z2j j + log 3z2ð Þ/4j j + z2j j2/4 + log 3z2ð Þj j2/80� �
1 + z1j j + z2j j + z1j j2/4 + z2j j2/5 , z1j j + z1j j + z21/2

�� �� + z1j j2/4 + z1j j4/20� �
z2j j + log 3z2ð Þ/4j j + z2j j2/4 + log 3z2ð Þj j2/80� �

1 + z1j j + z2j j + z1j j2/4 + z2j j2/5

( )

= z1j j + z2j j + z1j j2
4 + z2j j2

5 :

ð59Þ
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Therefore,

Ω β z1, z2ð Þð Þ =Ω z1j j + z2j j + z1j j2
4 + z2j j2

5


 �

= log z1j j + z2j j + z1j j2
4 + z2j j2

5


 �
:

ð60Þ

Thus,

Ω λH φz1, φz2ð Þð −Ω β z1, z2ð Þð Þ

≤ log z1j j2 + log 3z2ð Þ/2j j + z1j j4/4 + log 3z2ð Þj j2/20
z1j j + z2j j + z1j j2/4 + z2j j2/5

 !

= −υ, for some υ > 0:
ð61Þ

Hence, ΩðλHðφz1, φz2Þ −Ωðβðz1, z2ÞÞ ≤ −υ, which
implies

υ +Ω λH φz1, φz2ð Þð ≤Ω β z1, z2ð Þð Þ: ð62Þ

Case 4. If z1 ∈ ½1/2, 1� and z2 ∈ ½0, 1/2Þ, then φz1 = flog ð3z1Þ/
4g and φz2 = fz22/2g: Consider

Ω λH φz1, φz2ð Þð =Ω 2H log 3z1ð Þ
4

� 
, z22

2

� 
 �
 �

=Ω H
log 3z1ð Þ

2

� 
, z22
� �
 �
 �

≤Ω
log 3z1ð Þ

2

����
���� + z2j j2 + log 3z1ð Þj j2

20 + z2j j4
4

 !

= log log 3z1ð Þ
2

����
���� + z2j j2 + log 3z1ð Þj j2

20 + z2j j4
4

 !
:

ð63Þ

Now, consider

β z1, z2ð Þ =max τj z1, z2ð Þ, 1 + τj z1, log 3z1ð Þ/4ð Þ� �
τj z2, z22/2
� �

1 + τj z1, z2ð Þ ,
τj z1, log 3z1ð Þ/4ð Þτj z2, z22/2

� �
1 + τj z1, z2ð Þ

( )

=max z1j j + z2j j + z1j j2
4 + z2j j2

5 ,
1 + z1j j + log 3z1ð Þ/4j j + z1j j2/4 + log 3z1ð Þj j2/80� �

z2j j + z22/2
�� �� + z2j j2/4 + z2j j4/20� �

1 + z1j j + z2j j + z1j j2/4 + z2j j2/5 ,
1 + z1j j + log 3z1ð Þ/4j j + z1j j2/4 + log 3z1ð Þj j2/80� �

z2j j + z22/2
�� �� + z2j j2/4 + z2j j4/20� �

1 + z1j j + z2j j + z1j j2/4 + z2j j2/5

( )

= z1j j + z2j j + z1j j2
4 + z2j j2

5 :

ð64Þ

Therefore,

Ω β z1, z2ð Þð Þ =Ω z1j j + z2j j + z1j j2
4 + z2j j2

5


 �

= log z1j j + z2j j + z1j j2
4 + z2j j2

5


 �
:

ð65Þ

Thus,

Ω λH φz1, φz2ð Þð −Ω β z1, z2ð Þð Þ

≤ log log 3z1ð Þ/2j j + z2j j2 + log 3z1ð Þj j2/20 + z2j j4/4
z1j j + z2j j + z1j j2/4 + z2j j2/5

 !

= −υ, for some υ > 0:
ð66Þ

Hence, ΩðλHðφz1, φz2Þ −Ωðβðz1, z2ÞÞ ≤ −υ, which
implies

υ +Ω λH φz1, φz2ð Þð ≤Ω β z1, z2ð Þð Þ: ð67Þ

From the four cases, we conclude the contraction
condition (iii) of Remark 9 is fulfilled and 0 is a unique
FP of φ:

Example 4. Let V = ffItg: t ∈ f1, 2,⋯, 100gg be a sequence
defined by

I1 = 1:2,I2 = 2:3,⋯,It = t t + 1ð Þ: ð68Þ

Suppose that τj : V ×V ⟶ ð0,∞Þ and j : V × V ⟶ ½1,
∞Þ are functions described by τjðz1, z2Þ = ðmax fz1, z2gÞ2
and jðz1, z2Þ = 1 + z1 + z2, respectively, for all z1, z2 ∈ V :
Then, ðV , τjÞ is ¥ − space. Define the multivalued mappings
Φ, φ : V ⟶VCB and Ω : ℝ+ ⟶ℝ+by

ΦI1 = φI1 = I1f g,ΦIt = φIt = It−1f g, ð69Þ

and ΩðσÞ = ln ðσÞ, for all σ > 0, respectively. Now, we have
the following calculations for two cases:
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Case 1. For each ∈ℕ,s > 2, and t = 1, we have

Case 2. For each s, t ∈ℕ,s > t > 1, we get

Multiply 1:02 on the both cases and taking ln, we have
ln 1:02H φIs, φItð Þð Þ − ln β Is,Itð Þð Þ

≤ ln 1:02 × e−0:02
� �

⇒ ln 1:02H φIs, φItð Þð Þ − ln β Is,Itð Þð Þ
≤ −0:00019737⇒ ln λH φIs, φItð Þð Þ − ln β Is,Itð Þð Þ
≤ −υ⇒ υ +Ω λHφIs, φItð Þð Þ ≤Ω β Is,Itð Þð Þ:

ð72Þ
Therefore, the condition (iii) of Remark 9 is fulfilled with

υ = 0:00019737 and λ = 1:02. Hence, φ has a unique FP:

5. The Damped Harmonic Oscillator

Assume that we have a body of mass μmoving back and forth
on the x-axis around the equilibrium position x = 0 and has a
position xðtÞ at time t (see Figure 1). The force subjected to
by the spring gives from

Fs = −kx: ð73Þ
In addition to the damping force that impedes the move-

ment of the body, it gives from

Fd = b
dx
dt

: ð74Þ

From the second law of motion we find that

Fnet =m
d2x
dt2

, ð75Þ

where ,b, and m are positive constants. Previously, this force
is called the force damping oscillation.

Now suppose that there is an additional time-dependent
force FðtÞ that affects the body. Based on Newton’s second
law, we can write

m
d2x
dt2

+ b
dx
dt

+ kx = F tð Þ, x 0ð Þ = x′ 0ð Þ = 0: ð76Þ

By Green’s function, Problem (76) is equivalent to the
following Fredholm integral equation:

w t1ð Þ =
ð1
0
O t1, rð ÞB t1, r,w rð Þð Þdr, t1 ∈ 0, 1½ �, ð77Þ

H φIs, φI1ð Þ
β Is,I1ð Þ = max Is−1,I1f gð Þ2

max τj Is,I1ð Þ, 1 + τj Is, φIsð Þ� �
τj I1, φI1ð Þ/1 + τj Is,I1ð Þ, τj Is, φIsð Þτj I1, φI1ð Þ/1 + τj Is,I1ð Þ� �

= max Is−1,I1f gð Þ2
max τj Is,I1ð Þ, 1 + τj Is,Is−1ð Þ� �

τj I1,I1ð Þ/1 + τj Is,Itð Þ, τj Is,Is−1ð Þτj I1,I1ð Þ/1 + τj Is,Itð Þ� �
= I2

s−1
max I2

s , 1 +I2
s

� �
I2

1/ 1 +I2
s

� �
,I2

s :I
2
1/1 +I2

s

� � = I2
s−1

max I2
s ,I2

1,I2
s :I

2
1/1 +I2

s

� �
= I2

s−1
I2

s

= s − 1ð Þ2s2
s2 s + 1ð Þ2 = s − 1ð Þ2

s + 1ð Þ2 ≤ e−0:02:

ð70Þ

H φIs, φItð Þ
β Is,Itð Þ = max Is−1,It−1f gð Þ2

max τj Is,Itð Þ, 1 + τj Is, φIsð Þ� �
τj It , φItð Þ/1 + τj Is,Itð Þ, τj Is, φIsð Þτj It , φItð Þ/1 + τj Is,Itð Þ� �

= max Is−1,It−1f gð Þ2
max τj Is,Itð Þ, 1 + τj Is,Is−1ð Þ� �

τj It ,It−1ð Þ/1 + τj Is,Itð Þ, τj Is,Is−1ð Þτj It ,It−1ð Þ/1 + τj Is,Itð Þ� �
= I2

s−1
max I2

s , 1 +I2
s

� �
I2

t ,/ 1 +I2
s

� �
,I2

s :I
2
t /1 +I2

s

� � = I2
s−1

max I2
s ,I2

t ,I2
s :I

2
t /1 +I2

s

� �
= I2

s−1
I2

s

= s − 1ð Þ2s2
s2 s + 1ð Þ2 = s − 1ð Þ2

s + 1ð Þ2 ≤ e−0:02:

ð71Þ
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where B : ½0, 1� × ½0, 1� ×ℝ⟶ℝ is a continuous function
depends on F and the continuous Green’s function O for
critically damping oscillation is described by

O t1, rð Þ = −reυ t1−tð Þ, 0 ≤ r ≤ t1 ≤ 1,
−teυ t−t1ð Þ, 0 ≤ t1 ≤ r ≤ 1,

(
ð78Þ

and υ can be found in terms of m,b, and k:
Suppose that V = ßðC½0, 1�,ℝÞ is the set of all bounded

real continuous functions defined on ½0, 1�, equipped with

τ j z1, z2ð Þ = z1 + z2k k∞
� �2,∀z1, z2 ∈ V , ð79Þ

where kzk∞ = supt∈0,1�fjzðtÞje−υg: Define the function j :
V ×V ⟶ ½1,∞Þ by jðz1, z2Þ = 1 + jz1j + jz2j: Then, ðV , τjÞ
is a complete ¥-space.

In order to study the existence of a solution to Problem
(77), we shall consider the following stipulations:

(a) There is a continuous function B : ½0, 1� × 0, 1� ×
ℝ⟶ℝ and for r, t1 ∈ 0, 1� and λ > 1 so that

B t1, r, z1 rð Þð Þ + B t1, r, z1 rð Þð Þj j2 ≤ e−υ

λ
β z1 rð Þ, z2 rð Þð Þ,

ð80Þ

for all z1, z2 ∈ℝ, where

and Φ : Cð½0, 1�Þ⟶ ßCð½0, 1�Þ is a multivalued
operator defined on the beginning proof.

(b)
Ð 1
0Oðt1, rÞ ≤ 1, for some t1 > 0

Now, we present our main result in this part.

Theorem 11.Assume that ðV , τjÞ is a complete ¥-space. Then,
Problem (77) has a unique solution provided that the stipula-
tions (a) and (b) are fulfilled.

Proof. Define an operator Φ : Cð½0, 1�Þ⟶ ßCð½0, 1�Þ by

Φw t1ð Þ =
ð1
0
O t1, rð ÞB t1, r,w rð Þð Þdr, t1 ∈ 0, 1½ �: ð82Þ

It should be noted that the unique FP of the mappingΦ is
a solution of the nonlinear Problem (77). Hence, it is a solu-
tion to the differential equation of the second degree (76).

For z1, z2 ∈ V , then by the hypotheses (a) and (b), we
can get

k

m

x (t)

Damping coefficient b

Figure 1: Forced oscillations.

β z1, z2ð Þ =max z1 + z2j j2, 1 + z1 +Φz1j j2� �
z2 +Φz2j j2

1 + z1 + z2j j2 , z1 +Φz1j j2 z2 +Φz2j j2
1 + z1 + z2j j2

( )
: ð81Þ

Φz1 t1ð Þ +Φz2 t1ð Þj jð Þ2 =
ð1
0
O t1, rð Þ B t1, r, z1 rð Þð Þ + B t1, r, z2 rð Þð Þ½ �dr

����
����
2
≤
ð1
0
O t1, rð Þj j2 B t1, r, z1 rð Þð Þ + B t1, r, z2 rð Þð Þj j2dr

≤
ð1
0
B t1, r, z1 rð Þð Þ + B t1, r, z2 rð Þð Þj j2dr ≤

ð1
0

e−υ

λ
β z1 rð Þ, z2 rð Þð Þdr

= e−υ

λ

ð1
0
eυ max z1 + z2j j2e−υ, 1 + z1 +Φz1j j2� �

z2 +Φz2j j2e−2υ
1 + z1 + z2j j2e−υ , z1 +Φz1j j2 z2 +Φz2j j2e−2υ

1 + z1 + z2j j2e−υ

( )
dr

= e−υ

λ

ð1
0
erυ max τj z1, z2ð Þ, 1 + τj z1,Φz1ð Þ� �

τj z2, φz2ð Þ
1 + τj z1, z2ð Þ ,

τj z1,Φz1ð Þτ j z2, φz2ð Þ
1 + τ j z1, z2ð Þ

( )
dr

= e−υ

λ
β z1, z2ð Þ

ð1
0
eυdr = e−υ

λ
β z1, z2ð Þ × eυ:

ð83Þ
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Hence for z1, z2 ∈ V ,

λ Φz1 t1ð Þ +Φz2 t1ð Þj jð Þ2 × e−υ ≤ e−υβ z1, z2ð Þ, ð84Þ

which yields

λτj Φz1,Φz2ð Þ ≤ e−υβ z1, z2ð Þ: ð85Þ

Taking the log for the base e to both side, we have

ln λτj Φz1,Φz2ð Þ� �
≤ −υ + ln β z1, z2ð Þð Þ: ð86Þ

Describe the function Ω : ℝ+ ⟶ℝ+ by ΩðσÞ = ln ðσÞ,
σ > 0 in (86), so that Ω ∈ Σ, and we get

υ +Ω λτj Φz1,Φz2ð Þ� �
≤Ω β z1, z2ð Þð Þ, ð87Þ

where

Therefore, all requirements of Theorem 11 under a spe-
cial case (iii) (ΦrGS

Ω -contraction) are fulfilled. Then, there is
a unique FP of the mapping Φ, which is a unique solution
to Problem (77) and then to (76). ☐

6. Newton’s Law of Cooling

Newton’s law of cooling is a differential equation that fore-
sees the cooling of somebody that placed in a colder environ-
ment; then, the fixed point method can be applied in finding
the solution of this differential equation as follows. Consider
the IVP in the form of

R′ tð Þ = Ξ t,R tð Þð Þ,R t0ð Þ =R0: ð89Þ

We say thatRðtÞ is a solution of Problem (89) if and only
if [25]

R tð Þ =R0 +
ðt
t0

Ξ ℓ,R ℓð Þð Þdℓ, ð90Þ

for all t, ℓ ∈ ½t0, t�, where the functions R : ½t0, t�⟶ℝ and
Φ : ½t0, t� ×ℝ⟶ℝ are continuous.

Define a distance norm τjð℘,ℏÞ = ðk℘+ℏk∞Þ2 on the set
of all real continuous functions V = Cð½t0, t�,ℝÞ defined on
½t0, t�, for all ℘, ℏ ∈ V , where k℘k∞ = supt∈½t0,t�fj℘ðtÞje−tυg:
Then, the pair ðV , τjÞ is a complete ¥-space with jð℘,ℏÞ =
1 + j℘j + jℏj:

Now, we present the main theorem in this section.

Theorem 12. Assume that ðV , τjÞ is a complete ¥-space.
Assume also, for all t, ℓ ∈ ½t0, t�, there is a constant υ ∈ℝ+ so
that

Ξ ℓ,℘ ℓð Þð Þ + Ξ ℓ, ℏ ℓð Þð Þj j ≤ e−υ/2ffiffiffi
λ

p
t − t0ð Þ

℘ ℓð Þ + ℏ ℓð Þj jð Þ, ð91Þ

where ℘, ℏ ∈ V ,λ > 1. Let ℘u, ℏu ∈ V so that j℘u + ℏuj ≤ 1, for
all u ∈ℝ: Then, Equation (90) has a unique solution.

Proof. Define an operator Φ : V ⟶V by

ΦR tð Þ =R0 +
ðt
t0

Ξ ℓ,R ℓð Þð Þdℓ: ð92Þ

It is clear that, if ΦR =R, then R is a solution of the
Equation (90) and then (89).

For ℘, ℏ ∈ V , one can write

Φ℘ tð Þ +Φℏ tð Þj j2

= ℘0 +
ðt
t0

Ξ ℓ,℘ ℓð Þð Þdℓ + ℏ0 +
ðt
t0

Ξ ℓ, ℏ ℓð Þð Þdℓ
�����

�����
2

≤
ðt
t0

Ξ ℓ,℘ ℓð Þð Þ + Ξ ℓ, ℏ ℓð Þð Þj jdℓ
 !2

≤
ðt
t0

e−υ/2ffiffiffi
λ

p
t − t0ð Þ

℘ ℓð Þ + ℏ ℓð Þj jð Þdℓ
 !2

=
ðt
t0

e−υ/2ffiffiffi
λ

p
t − t0ð Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2υt × e2υt

p
× ℘ ℓð Þ + ℏ ℓð Þj jð Þdℓ

 !2

= e−υ

λ t − t0ð Þ2 × τj ℘,ℏð Þ × e2υt
ðt
t0

dℓ

 !2

= e−υ

λ
τj ℘,ℏð Þe2υt ≤ e−υ

λ
β ℘,ℏð Þe2υt ,

ð93Þ

where

β ℘,ℏð Þ =max τj ℘,ℏð Þ, 1+τ j ℘,Φ℘ð Þ� �
τ j ℏ,Φℏð Þ

1+τ j ℘,ℏð Þ ,
τj ℘,Φ℘ð Þτj ℏ,Φℏð Þ

1+τj ℘,ℏð Þ

( )
:

ð94Þ

β z1, z2ð Þ =max τj z1, z2ð Þ, 1 + τj z1,Φz1ð Þ� �
τj z2,Φz2ð Þ

1 + τj z1, z2ð Þ ,
τj z1,Φz1ð Þτj z2,Φz2ð Þ

1 + τj z1, z2ð Þ

( )
: ð88Þ
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Hence, one can write

Φ℘ tð Þ +Φℏ tð Þj j × e−υt
� �2 ≤ e−υ

λ
β ℘,ℏð Þ, ð95Þ

yields,

Φ℘ tð Þ +Φℏ tð Þk k∞
� �2 ≤ e−υ

λ
β ℘,ℏð Þ: ð96Þ

It follows that

λτj Φ℘ tð Þ,Φℏ tð Þð Þ ≤ e−υβ ℘,ℏð Þ: ð97Þ

Consider ΩðσÞ = ln ðσÞ for σ > 0 and Ω ∈ Σ; then,

ln λτj Φ℘ tð Þ,Φℏ tð Þð Þ� �
≤ ln e−υβ ℘,ℏð Þð Þ, ð98Þ

or

υ + ln λτj Φ℘ tð Þ,Φℏ tð Þð Þ� �
≤ ln β ℘,ℏð Þð Þ: ð99Þ

Equivalently,

υ +Ω λτj Φ℘ tð Þ,Φℏ tð Þð Þ� �
≤Ω β ℘,ℏð Þð Þ: ð100Þ

Based on Theorem 8 under a special case (iii) of Remark 9
(ΦrGS

Ω -contraction), Φ possesses a unique FP, which is a
unique solution to Equation (90) and then to (89).

Now, we describe Newton’s law of cooling as follows: Let

η′ tð Þ = −ξ η tð Þ − ηϰð Þ, ð101Þ

where ηðtÞ and ηu refer to the temperature of the object at the
time t and the temperature of the environment, respectively,
and ξ is proportionality constant. If we put ηðt0Þ = η0, then
we obtain the IVP below:

η′ tð Þ = −ξ η tð Þ − ηuð Þη t0ð Þ = η0: ð102Þ

Assume that Ξðt, ηÞ = −ξðηðtÞ − ηuÞ: Then, we have

Ξ ℓ,℘ ℓð Þð Þ + Ξ ℓ, ℏ ℓð Þð Þj j = −ξ ℘ tð Þ − ℘ϰð Þ − ξ ℏ tð Þ − ℏϰð Þj j
= ξ ℘ ℓð Þ + ℏ ℓð Þ − ℘u + ℏϰð Þj j
≤ ξ ℘ ℓð Þ + ℏ ℓð Þj j + ℘ϰ + ℏϰj jð Þ
≤ ξ ℘ ℓð Þ + ℏ ℓð Þj j

= e−υ/2ffiffiffi
λ

p
t − t0ð Þ

℘ ℓð Þ + ℏ ℓð Þj jð Þ:

ð103Þ

According to Theorem 12, the initial value problem (102)
has a unique solution. It should be noted that the exact solu-
tion of (102) is ηðtÞ = ηu + ðη0 − ηuÞe−ξðt−t0Þ: ☐

7. Infinite Systems of Fractional ODEs

In this part, we study the sufficient condition to find the solu-
tion to an infinite nonlinear fractional system from ODEs on
the space of all real sequences whose limit is finite which
denoted with c.

Assume that the system is defined as follows:

ℸρi
= e−υ

q tð Þ qi tð Þℸi + σi ℸ,ℸ1,ℸ2,⋯ð Þ, ρi ∈ 0, 1ð Þ,

ℸκ j
= e−υ

q tð Þ qj tð Þℸj + σj ℸ,ℸ1,ℸ2,⋯ð Þ, κj ∈ 0, 1ð Þ,

ℸ0 =ℸi
0, i, j = 1, 2,⋯,

8>>>>>><
>>>>>>:

ð104Þ

where t ∈ J ,J is any fixed interval on the real line and υ is the
positive real number.

Suppose that V = c equipped with τjð℘,ℏÞ = sup
fj℘i + ℏij2e−υg for all ℘, ℏ ∈ V , and j : V ×V ⟶ ½1,∞Þ is a
function described by jð℘,ℏÞ = 1 + j℘j + jℏj: Then, ðV , τjÞ is
a complete ¥-space.

System (104) will be studied under the following
hypotheses:

(hy1) ℸ0 =ℸi
0 ∈ c and σ = ðσ1, σ2,⋯Þ: J × c⟶ c

(hy2) the function qiðtÞ > 0 is a continuous for all t ∈ J
and i = 1, 2⋯

(hy3) for all ℘, ℏ ∈ V , we have

σi t,℘ð Þ + σi t, ℏð Þj j ≤ e−υ

2
ffiffiffi
λ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
β ℘,ℏð Þ

p
, λ > 1, ð105Þ

where ℘ = ð℘1, ℘2,⋯Þ, ℘ = ðℏ1, ℏ2,⋯Þ and

β ℘,ℏð Þ =max τj ℘,ℏð Þ,
1+τj ℘,Φi℘ð Þ� �

τj ℏ, φjℏ
� 	

1+τj ℘,ℏð Þ ,
τj ℘,Φi℘ð Þτj ℏ, φjℏ

� 	
1+τj ℘,ℏð Þ

8<
:

9=
;,

ð106Þ

(hy4) for all ℘, ℏ ∈ V and for t ∈ J ,

qi tð Þ℘+qj tð Þℏ
��� ��� ≤ q tð Þ

2
ffiffiffi
λ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
β ℘,ℏð Þ

p
: ð107Þ

Now, we state and prove our main theorem.

Theorem 13. System (104) has a unique solution under
hypotheses (hy1)-(hy4).

Proof. Let Φiðt,℘Þ, φjðt, ℏÞ: J × c⟶ c be mappings
described by

Φi t,℘ð Þ = e−υ

q tð Þ qi tð Þ℘i+σi ℘,℘1, ℘2,⋯ð Þ,

φj t, ℏð Þ = e−υ

q tð Þ qj tð Þℏj + σj ℏ, ℏ1, ℏ2,⋯ð Þ:

8>>><
>>>:

ð108Þ
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A sufficient condition for a solution to System (104) to
exist is that there is a common FP of the mappings (108).
To achieve this, consider

Φi t,℘ð Þ + φj t, ℏð Þ
��� ���

= e−υ

q tð Þ qi tð Þ℘i+σi ℘,℘1, ℘2,⋯ð Þ + e−υ

q tð Þ qj tð Þℏj + σj ℏ, ℏ1, ℏ2,⋯ð Þ
����

����
≤

e−υ

q tð Þ qi tð Þ℘i +
e−υ

q tð Þ qj tð Þℏj
����

����+ σi ℘,℘1, ℘2,⋯ð Þ + σj ℏ, ℏ1, ℏ2,⋯ð Þ�� ��
≤

e−υ

q tð Þ × q tð Þ
2
ffiffiffi
λ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
β ℘,ℏð Þ

p
+ e−υ

2
ffiffiffi
λ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
β ℘,ℏð Þ

p
= e−υffiffiffi

λ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β ℘,ℏð Þ

p
:

ð109Þ

Squaring both sides, we get

Φi t,℘ð Þ + φj t, ℏð Þ
��� ���2 ≤ e−2υ

λ
β ℘,ℏð Þ, ð110Þ

or

λ Φi t,℘ð Þ + φj t, ℏð Þ
��� ���2e−υ ≤ e−3υβ ℘,ℏð Þ ≤ e−υβ ℘,ℏð Þ: ð111Þ

It follows that after taking the supremum,

λτj Φi, φj

� 	
≤ e−υβ ℘,ℏð Þ: ð112Þ

By taking the ln of both sides, we find that

υ + ln λτj Φi, φj

� 	� 	
≤ ln β ℘,ℏð Þð Þ: ð113Þ

Letting ΩðσÞ = ln ðσÞ,Ω ∈ Σ, one can write

υ +Ω λτj Φi, φj

� 	� 	
≤Ω β ℘,ℏð Þð Þ, ð114Þ

where

β ℘,ℏð Þ =max τj ℘,ℏð Þ,
1+τj ℘,Φi℘ð Þ� �

τj ℏ, φjℏ
� 	

1+τj ℘,ℏð Þ ,
τj ℘,Φi℘ð Þτj ℏ, φjℏ

� 	
1+τj ℘,ℏð Þ

8<
:

9=
;:

ð115Þ

Hence, we conclude by Theorem 12 that System (104)
has a unique solution. ☐
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