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Abstract

This paper is devoted to the study of the general equation of the Ivancevic option pricing model
(IOPM) or Schrodinger’s equation and to determine its analytical solution via the methods of
numerical analysis ADM and SBA. The Ivancevic option pricing model is an adaptive wave
model that is a nonlinear wave alternative to the standard Black-Scholes option pricing model,
it is also a model that links quantum mechanics and financial mathematics.

Keywords: Ivancevic or Shrodinger model; Adomian Method (ADM); SBA method; Succecive approxi-
mations.
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1 Introduction

The classical Black-Scholes model (BSM) is an important financial model for option pricing an
valuation. In this paper, we are interested in the determination of the analytical solution of the
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general equation of the Ivancevic [1] or Schrédinger [2] model in quantum mechanics. It is about
the equations:
Ow (t,x) 0w (t,x) 2 X
(E): "ot +_E 92 +qlw(t,z)[Pw(tz)=0peN
w(0,x) = fe*”

and
Ow (t,x 0w (t,x .
(F):q " fgt e 3552 L (2) + gl (t,2)* w () = 0ip € N

w(0, ) = Be'*”
where € > 0,4 > 0 and g > 0.

2 Description of Numerical Method ADM and SBA
2.1 Numerical method ADM

Consider the functional equation below :
Fw=f (2.1)

where F' is an operator defined in the Hilbert space H in H, f is a given function in H and w is
the unknown function. Let us decompose as follows

F=L-R-N (2.2)

Where L is the linear part of inverse L™!, R the linear remainder and N the nonlinear part, (2.1)
becomes :
Lw—Rw— Nw=f (2.3)

Applying L™ to (2.3), we get the Adomian canonical form [3]:
w=0+L'f+L "Rw+ L 'Nw (2.4)

where
Lo =0.

Let us determine the solution of (2.1) in the form of a convergent series [4]

+oo
w = E Wn,
n=0

and
+oco
Nw = Z A, < 400
n=0
where the

An = An (wo, w1, ..., Wn)

are Adomian polynomials [5]. We get the following Adomian algorithm [6]:

wo :9+L71f
Wnt1 = L' Rwn + L7 Ap;n > 0.
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2.2 The Adomian polynomials

Definition 2.1. The Adomian polynomials are defined by:

{ Ao = N(wo)
1 4" 0o
An = EW [N( ;::0 )‘kwk)]A:O n 2 1

Theorem 2.1. The Adomian polynomials are calculated using the formula:

d" <~k d” K
k=0 A=0 k=0 A=0

2.3 Numerical method SBA

Consider the functional equation below:
Fw=f (2.5)

where F' is an operator defined in the Hilbert space H in H, f is a given function in H and w is
the unknown function. Let us decompose as follows

F=L-R-N (2.6)

Where L is the linear part of inverse L™', R the linear remainder and N the nonlinear part, (2.1)
becomes:
Lw—Rw—Nw=f (2.7)

Applying L™ to (2.3), we get the Adomian canonical form:

w=0+L"'f+L 'Rw+ L 'Nw (2.8)

where
Lo =0.

Equation (2.5) is the Adomian canonical form [7]. Using the successive approximations [1], we get:

wh =0+ L)+ L (RW")) + LN (N@" 1)), k>1 (2.9)
This let’s to the following Adomian algorithm:

{ wh =04+ L7 () + L (N @)k > 1 (2.10)

wk = Lfl(R(wa_l)),n >1

The Picard principle is then applied to equation (2.7): let w® be such that N(w®) = 0, for k = 1,
we get:

wg =0+ L7(f )+ L7HN (W) (2.11)
wi = LN (R(wh_1)),n > 1 ’
If the series <Z w,lb) converges, then w' = z w
n=0 n>1
For k = 2, we get:
wi=0+L7'(f)+ LY (N(wh)) (2.12)
w2 =L N R(w?_1)),n>1 ’

52



Adama et al.; ARJOM, 18(3): 50-61, 2022; Article no. ARJOM.84786

If the series <Z wi) converges, then w? = Z wi

n=0 n>0
This process is repeated to k.

o0
If the series (Z wn> converges, then w” Z wn
n=0 n>0

Therefore w = lim w” is the solution of the problem, with the following hypothese at the step k

k—+oco

: N(w") =0,Yk > 0.
Theorem 2.2. Consider the following Cauchy problem:

() : { Liw(t,z) = eAw(t,x) + pw (t,x) + Nw (t,x), (t,z) € Q
"1 w(0,z) = h(x)

Associed to the problem (p), the SBA allorithm is given as:

f wh (t,x) = h(z) + Ly [N (t2)] k> 1
(pspa) : { wkyy (tx) = Ly [EAU)[z(t, z) + pwk ](t, z)] ;n>0

(H1) : There is w° (t,x) at the step k = 1,such as Nw® (t,x) = 0.
(Hs) : At the step k = 1,w' (t,x) is the solution of :

{ wg (t,2) = h(x)

W (t,2) = Lt [eAwp (8, @) + pawy, (t,2)] 5 n > 0.
(H3) : At the step k = 2, Nw' (t,z) = 0.So0 the algorithm :

f wh (t,x) = h(z) + L7 [N (¢ 2)] sk >1
(pspa) : { w%H (t,x) = L7" [EAw[n(t z) + uwﬁ]( t,z)] ;n>0

is convergent for k > 2 and we obtain : w' (t,z) = w?(t,z) = ... = w*(t, z).
From which the unique solution of the problem w(t,z) = lim w”(t,z).
k—4oc0

Proof. At step k = 1, we have the following algorithm:

o { W (60) = h(@)
w1 (@) = Lyt [eAwy (L, @) + pawy, (8,2)] 50 >0
according to hypothesis (H;) and (Hz) ,the solution of (p1) is w' (t,z) = Z wy, (t,z) . According
n=0
to the hypothesis (H3) ,at step k = 2, Nw' (t,2) =0
we get the following alorthm:

(t,z) = h(z)
(p2) { w2y (t,x) = L7t [sAwi(t,x) + paoy, (t, x)] in>0

Thus, we obtain the same algorithm as in step k = 1, then w?(¢,z) = w' (¢,z) .Thus, in a recursive
way it will be for each step k > 2,w' (t,z) = w?(t,z) = w* (t,z) =

Then the solution of the problem (p) is w(t,z) = lim w"(t, ).

k—+oo
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Suppose that the problem (p) has two distinct solutions w(t,z) # v(t,z), and consider their
difference o(t,z) = w(t,z) — v(¢, x).

For each solution, we have:
w (t,z) = h(z) + L7t [N(wk*1 (t,x)] sk>1
wZH (t,x) = L;! [EAwa(t,m) + pwk (¢, x)] ;n>0

and
v (t,z) = h(z) + L;* LN(U’H (t, )] ;k>1
vk (ta) =Lt [eAvg (t, ) + ok (t,z)] ;n>0

Yk > 1, N(w* ! (t,2) = 0 and N(v" 7! (t,x) = 0,50 we obtain:

wk (t,z) = h(z) k> 1

wZH (t,z) = Lt [EAwa(t,m) + pwk (t, x)] in>0
and

vE (t,x) = hiz) k> 1

fo_l (t,x) = L;! [EAva(t, x) + ok (t,x)} in>0
For the difference we get:

{ 96 (o) =05k >1
¢ (t,x) = Ly [eAgn(t, @) + peon (t,2)] 502> 0

from which

—+o0

Thus ¢ (t,2) = Z @b (t,x) = 0 and w(t,z) = v(t, ) which contradicts our hypothesis. Therefore
n=0

the problem (p)has a unique solution w(t,z). O

3 Resolution via Numerical Method ADM

Consider the following equation

2
my: ] P e ) ) =0

w(0,z) = Be'*®

Let us determine the canonical form of Adomian, the equation

2
iaw (t,z) _’_58 w(t, )

ot 022 +qlw (t,2)|*" w (t,z) = 0;p € N*

is equivalent to

ow(t,z) = Pw(t,x) | 2
En = ie 92 +igq|w (t, z)|"P w(t, )
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from which we obtain the canonical form:
2.0
w(t,z) = w (0, ) +zs/8 d +zq/ lw (z,2)*" w (2, z) dz.

Thus, we obtain the Adomian algorithm:
wo (t,z) = w (0, z)
t 52 t
Wn (8, ) = ie awni(j’x)dz + iq/ Ap (z,2)dz;n >0
0 Ox 0

Let’s calculate the polynomials: : Ag, A1, Ao, -« -

Ag = |»3‘2p wWo
A1 = w1 (wowo)® + pwo (w1Wo + Wiwo)?~
Ag = 2 (awo)? w2 + 2p (awr + bwo)? ' (w1) +p (p — 1) (2 (aws + bw;i + cwo))? 2 (wo)

Let’s calculate the terms: wo (¢, ), w1 (¢, x), -

we obtain thus:

wo (t7 l’) — Bez’az

w1 (ty $) = ﬂlt (75012 + q ‘,6|2p) eic;z
(2 o

w2 (t, ) :6[21&( e ;q‘ﬁl )] oz
. 2p

s () = gL
i (_~n2 2p\ 1™

Wn (tyx) = 6 [Zt( ca :'q "Bl )] eia:t

Therefore, the solution of problem (E) obtained by the ADM method is :

= Zn = 0"wn(t,z) = Bexp [i ((—Ea2 + q|,3\2p) t+ax)].

Consider the following equation

t P (t
(| 2 e T i (t0) 4 gl () w (1) =0
w(0,z) = Be'*®

Let us determine the canonical form of Adomian, the equation

Ow (t,x) 0w (t,x) 2p N .
i te—pp THwt ) +qlw(to)Pw(tz)=0peN

is equivalent to

ow (t,xz) . Pw (t,z) . . 2%
TR v +ipw (¢, ) + igq |w (t,2) [P w (¢, z)

from which we obtain the canonical form :

t 52 ¢ ¢
w(t,z) =w(0,z) —i—ie/ algiiz’x)dz—kiu/ w(z, ) dz—!—z'q/ lw (2, )| w (2, z) dz.
0 0 0

Thus, we obtain the Adomian algorithm :

wo (t,2) = w (0, z)
t 52 t t
W1 (L, ) = i€ augix(;’x)dz + i,u/ wn (z,z)dz + iq/ An (z,2)dz;n >0
0 0 0
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Let’s calculate the polynomials : Ag, A1, A2, ...

Ao = |B*P wo
A1 = wi (wowo)? + pwo (w1 + Wrwo)”
Ay = 2 (Wowo)” w2 + 2p (Wow: + Wiwo)" ™ (w1) +p (p — 1) (2 (Wows + w11 + Wawo))”~* (wo)

Let’s calculate the terms : wo (¢, ), w1 (¢, ), w2 (¢, 2) , ..

we thus obtain: .

wo (t’$) — ﬁemz
wi (t,2) = Bit (1 — ca +q|87) e
; _ 2 2p
we (t,2) = B [it (4 —ea 2'+ al81™)] oz
; 2 2p\13
ws (t, ) :B[zt (1 sa3'+q\ﬂ| )] piax
w, (tz) = B [it (1 = E“an B8] iea

Therefore, the solution of problem (FE) obtained by the ADM method is : :

+o0o
w(t,z) = an(t,x) = Bexp [i ((t—ea® + q|B|*") t + ax)] .

4 Resolution via Numerical Method SBA

Consider the following equation

ow (t *w (t
(). 4 12t 4 YD) g ) (0) = 0

w(0,z) = Be*®

Let us determine the canonical form of Adomian, the equation

2
Z,8w (t, ) +€a w (t, x)

ot D g ()P w (1, 2) = 0 (4.1)

is equivalent to

ow(t,z) = 0%w(t, )
ot T a2

+iq|w (¢, m)|2’7 w (t, x) (4.2)

By putting
Nuw (t,z) = iq |w (t,z)|*" w (t, z)

from which we obtain the Adomian [7] canonical form:
t o2 t
w(t,z) =w(0,z) + ie/ %z’m)dz + / Nw (z,z) dz. (4.3)
0 Ox 0
Applying to (4.3) the method of successive approximations [8], we obtain:
tO*w” (2,

t
w” (t,z) = w* (0,z) + is/ T)dz +/ Nw* ™ (z,2)dz, k> 1 (4.4)
0 0
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We thus obtain the SBA algorithm [9]:

t
wh (t,z) = w* (0,2) + [ Nw" ' (z,2)dz , k>1

¢ 8211)8 (2, )
k . n ) .
wpyq (L) = 25/0 B dz;n>0

(4.5)

Let’s apply Picard’s principle [10] to (4.5), at step k = 1, Nw® (t,z) = 0, si w® (¢,z) = 0, hence

t
wp (¢, ) = Be’™® + Nuw® (z,2)dz , k>1

0
tab 1
w,ll+l(t,x):is/ 8“5"7(22’:8)(12;7120
o T

Therefore we have

wp (t,2) = B’
wi (t,z) = —ia®Bete’™”
w3 (t, ) = —=a*t?Be?e’e”
wi (t,z) = Zia®t3Be3e’”
. 2
—e1a”t
w}z(tyz):ﬁ( ' ) uzz’nzo
n!

from which at step kK = 1, we obtain:

) n _ AQtP
W (tx) = lm ge 3L 5;6; )

p——+oo

= Bexp [z (al: — eaQt)] .
p=0

Then let’s calculate Nw' (¢, )

" w (t,2) — igB*w (t,x) # 0

. 2
Nw' (t,z) = iq ’wl (¢, :c)‘

therefore, we modify problem (F) into an equivalent problem:
2
Z,aw (t,z) n o*w (t,x)

(E): o S oa?
w(0,z) = Be**®

+q|5|2pw(t,x) +Z§7w(t7:c) =0

where ~
Nw (t,z) = q|w (t,a:)|2pw (t,z) —q |ﬁ|27w (t,z)
Therefore, we obtain:

ow(t,z) 9w (t ) a2p L~
5 =S +qi|B)Pw(t,z) +iNw (¢, z)
then the canonical form of Adomian [10]
L 9%w (2, x)
0 ox?

t t
w(t, ) = Be'*” + ¢i dz + qi |ﬁ|2p/ w(z,z)dz +i/ Nw (z,z)dz
0 0

The new algorithm is then:
wh(t,z)) = B +i | Nuw" '(z,2)dz; k> 1

0
t 2k t
whyi(t,2)) = ei / T (250 4oy g 97 / wh (z,2) dzin > 0
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Let’s determine w' (t, z)

wo (£, ) = pe'* _

wi (t,z) = Bi((q 18P — a’e)t) e’*
. 2p 2 2

’LU% (t, x) — 5 (Z (q |ﬁ| 5 a 6) t) eiaz
. 2p 2 3

w% (t, l') — /8 (/L (q |B| 3 a 6) t) 6iaz
. 2p 2 n

w}L (t, ) — ﬂ (Z (q |ﬁ| — a 6) t) eiaz

hence
= (i (a1 —a?e) 1)"

’LUl (t,f) _ /Beiaz Z

n=0

=pBexp[i((q 18P — a2€) t+ax)]
We thus obtain Nw' (t,2) = 0
Recursively we have:
w' (z,2) = w? (z,2) = ... = w" (2, )
so the solution of problem (F) is:
w(t,x) = Bexp [i ((q|8]* — a’e) t +ax)].

Consider the following problem:

ow (t Ow (t
iy, | 2T PO )+ gl (1,0) w0 (1,2) = 0
w(0, ) = Be'*®

We obtain the following Adomian algorithm:

t 52 ¢ ¢
w(t,z) = w (0, z) +i5/ Wdqum/ w(z, ) deriq/ Nw (z,z)dz (4.6)
0 €z 0 0

where
N (t,2) = |w (t,2) P w (t,2)

Let us apply the method of successive approximations to (4.6),

t a2, k
wh(t,z) = w* (0,z) + ie/ 8“197(22’@@4-
¢ 0 T (4.7)
z',u/ wk (z,z)dz +iq/ Nwk? (z,2)dz, k> 1
0 0

We are looking for the solution of (F') in the form of a series [11]
—+o0
w'(t,2) = Y wi(t,z)
n=0
At each step k > 1, we have the following algorithm [12]
t
w(t, ) = w® (0,2) + iq/ Nw* ' (z,2) dz

0

t 92, k t

w§+1(t7x):i5/ 8“’(;7(5733)(1,2_’_1#/ wk (z,x)dz;n >0
0 z 0
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Let’s calculate the terms of the series

“+oo
=> wi(t,v)
n=0
At step k = 1, for w°(¢,z) = 0, we have Nw®(t,z) = 0 and we obtain :

wp(t,x) = Be'*” _
wi(t,x) = Bi ( — a25)2te“” ,
iy = 0D

2! 3
i = sE0= DD

wi(t l’) =3 (Z ((H — a25)) t)neiaac

n!

therefore .
o (. 2 n
w'(t,z) = B’ Z M =Bexpli((p—a 6)t—|—ax)]
Calculate N*'(t,z), we have :
Nw' (t,2) = g (t,2)]7 w' (t,2) = q|8F w' (t,2) # 0

We then modify problem (F') into an equivalent problem:

Z‘810(15,:17)_’_ 0w (t, )
(F): ot 9z?
w(0, ) = Be'*”

+ pw (t,2) + |87 w (t,2) + Nw (2,2) = 0 (4.8)

where _
Nw (z,2) = q|w (t,2)[*" w (t,x) — q|B|* w (t, z)

we have the following canonical form :

w(t,z) =w(0,z +z/ udzdrw/t (z,x)dz+qi|,B|2p/tw(z,x)deri/th(z,x)dz
0

0

Let’s apply the method of successive approximations to (4.7),

& k L o*w" (2, ) 2 bk f S ke
w'(t,z) =w ((L:c)—i—is/ sz—i—i (n+qlBl p)/ w” (z,x) dz—i—i/ Nw" " (z,z)dz, k > 1
0 0 0

Thus, at each step k£ > 1, the following algorithm is obtained:
t ~
wh(t,z) = w* (0,z) +1 kai1 (z,2)dz, k> 1

30 t
wk i (t,2) = zs/ Ow 8902 dz—o—z(,u—l—qw\ )/ wh (z,x)dz;n > 0
0
Let’s calculate w' (¢, ) at step k =1
t ~
wi(t,z) =wk (0,z)+4 [ Nuw®(z,2)dz
ta2w10(z .CU) 5 t 1
whii(t,x) = is/ #dz—i—i(u-l—q\m p)/ wy, (z,2)dz;n >0
0 0
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for w®(t, ) = 0 we have : Nw’(t,z) = 0, hence

wy(t, ) = w” (0,z)

t a2, 1 t t
wh(t,x) = ia‘/ 8wn7(z,m)dz + iu/ wh (z,x) dz + ¢i |ﬂ|2p/ wy (z,@) dz;n >0
0 0 0

Ox?
w(t,z) = fe*® |
w%(t7 l‘) = ﬂlt (/,I, — (],25 + q |B‘2P) eu;z
. o 5
w%(t’x): B(Zt(ﬂ a 52"i’q|ﬁ| )) eiaz
; _ 2 2p\\ 3
wh(t, z) = 5(115 (h—a Z'Jrqlﬁl )’ e
3 _ a2 2p\\ "
wh(t,z) = B(Zt(ll a snj—qm ) Jias

the solution at step k =1 is

£ (it (- a%e + q187))"

wl (t,x) _ ﬂeiax Z

0
= Bexpli((p—a’e+q|B*")t+ax)]

n!

We thus obtain:
w' (t,x) = w’ (t,z) = ... = w" (t,z) = Bexp [i (1 — a’e+gq |ﬁ|2p) t+ax)].
Thus the solution of problem (F') :
w(t,z) = lim w"(tz)

k—+oco

= fBexp [z ((u —a%e+ q |B|2p) t+ a:c)]

5 Conclusions

The SBA and ADM methods have allowed us to successfully solve the Ivancevic option pricing
model (IOPM) in financial mathematics, the Schrédinger model in quantum mechanics and the
classical Black-Scholes equation.
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